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THE BEHAVIOR OF SINGULAR QUADRATIC FORMS UNDER PURELY
INSEPARABLE EXTENSIONS

AHMED LAGHRIBI' AND DIKSHA MUKHIJA?

ABSTRACT. Let F be a field of characteristic 2 and K a purely inseparable modular extension
of F. Our aim in this paper is to give a complete classification of anisotropic semisingular F'-
quadratic forms ¢ that have over K a maximal Witt index and a defect index at least equal to the
half of the dimension of the quasilinear part. The case of totally singular quadratic forms will be
also treated. Our method also allows us to classify the forms ¢ under the unique hypothesis of
maximality of the Witt index over K. This extends a recent result of Sobiech studying the hyper-
bolicity of nonsingular F'-quadratic forms over K [17]. Based on our classifications, we are able
to give necessary and sufficient conditions under which an anisotropic semisingular F'-quadratic
form has a given Witt index over K. We also study the quasi-hyperbolicity of semisingular F'-
quadratic forms over function fields of certain irreducible polynomials and extend to such forms
many results established by the first author in [11].

1. INTRODUCTION

Throughout this paper F' denotes a field of characteristic 2. Let ¢ be an anisotropic quadratic
form over F', and K a field extension of F'. An important problem in the algebraic theory
of quadratic forms is to study the behavior of ¢ after extending scalars to K. A question in
this sense consists in giving the conditions under which the form ¢ becomes isotropic over
K. Similarly, when ¢ is nonsingular (resp. singular), we also ask for the hyperbolicity (resp.
quasi-hyperbolicity) over K.

Singular quadratic forms split into two classes: Totally singular forms and semisingular forms
(see Section 2 for details). The notion of quasi-hyperbolicity is a generalization of hyperbolicity
to singular quadratic forms. Recall that a totally singular quadratic form ¢ is called gquasi-
hyperbolic if iq(p) > di—?f, where i4(¢p) is the defect index of ¢. Similarly, a semisingular
=
In the particular case when ¢ is an anisotropic semisingular quadratic form and K = F(p)

quadratic form ¢ is called quasi-hyperbolic if i,(p) >

£, where i;(¢) is the total index of .

is the function field of an irreducible polynomial p € F[zy,---,x,], the quasi-hyperbolicity
of ¢ over K implies that p is inseparable, meaning that p € F|[z?,---, x2], and the condition
i(pr) > di% is equivalent to saying that the Witt index iy (¢x ) is maximal (i.e., iy (v ) =
M;mql(@) and the quasilinear part ql(¢) of ¢ is quasi-hyperbolic over K (Proposition 2.3).
This equivalence is no longer true for a field extension given by the compositum of function
fields of irreducible polynomials as the simple example 2.2 shows. For this reason we introduce
the following definition: A semisingular quadratic form o is called strictly quasi-hyperbolic if

the Witt index iy (@) is maximal and ql(p) is quasi-hyperbolic.
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Our aim 1n this paper is to study the strict quasi-hyperbolicity of anisotropic semisingular
quadratic forms over purely inseparable modular extensions. This is motived by a recent work
of Sobiech [17], which gave a complete answer to the hyperbolicity of nonsingular F'-quadratic
forms over purely inseparable extensions of /' (not necessarily modular). Here we restrict
ourselves to purely inseparable modular extensions due to the fact that we can’t control the
quasi-hyperbolicity of totally singular forms over purely inseparable extensions which are not
modular. Corollary 3.2 gives a complete answer to the quasi-hyperbolicity of anisotropic to-
tally singular forms over purely inseparable modular extensions completing a previous result of
Hoffmann on the isotropy for the same forms and extensions [4, Theorem 5.9]. The main result
of this paper is Theorem 7.1 that gives a complete answer to the strict quasi-hyperbolicity of
semisingular quadratic forms over purely inseparable modular extensions of exponent > 1. The
case of exponent 1, i.e., multiquadratic purely inseparable extensions is answered in Theorem
6.1.

Theorem 7.1 is a generalization to semisingular quadratic forms of a result of Sobiech on
the hyperbolicity of nonsingular quadratic forms over purely inseparable extensions. More pre-
cisely, the generator forms mentioned in equation (3.2) will play a crucial role in our classifica-
tions, and already appear in [17]. For his method, Sobiech first computed the kernel of purely
inseparable extensions in the setting of Kato-Milne cohomology and then translated it to qua-
dratic forms with the help of Kato’s isomorphism giving the connection between nonsingular
quadratic forms and differential forms [8]. For our proof of Theorem 7.1, we take a completely
different method specific to singular quadratic forms since there is no connection established
between such forms and differential forms. In a way, situation is a bit subtle and rigorous in
case of singular quadratic forms since many well known results like Witt cancellation are not
applicable for singular forms.

To prove Theorem 7.1, we first treat the case of a simple purely inseparable extension and
working on the same lines extend the proof for any purely inseparable modular extension with
slightly more technical computations. For the convenience of the reader, we mention the proof
of both cases. We give here the outline of proof for a simple purely inseparable extension
F( 2?\1/3), n > 2. We divide this proof into two major steps: We first study the case where the
semisingular form ¢ is of the type (1, s) and becomes quasi-hyperbolic over F/( y/d) (Proposi-
tion 5.2). In this first step, we use an induction on n, and we also take help of a recent result of
ours [15, Theorem 1.1], which gives us that ¢ represents the polynomial 22" + d up to a scalar
represented by . Further, we use the Cassel-Pfister theorem (Proposition 4.2). The second step
deals with an induction on the dimension of the nonsingular part of the semisingular form using
a tricky argument based on the so-called completion lemma (Lemma 2.6).

This paper is organized as follows. In section 2, we recall some definitions and results on
quadratic forms in characteristic 2. In Section 3, we give some preliminaries concerning the
quasi-hyperbolicity of totally singular forms over purely inseparable modular extensions, and
introduce some background on the generator forms in equation (3.2). Section 4 is devoted to
computations on these generator forms when they are defined over an inseparable quadratic ex-
tension of F', and to some representation results. In section 5, we prove Theorem 5.1 that treats
the quasi-hyperbolicity over purely inseparable simple extensions. Section 6 contains the proof
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of Theorem 6.1 concerning multiquadratic purely inseparable extensions, and then in Section 7
we give the proof of our main result (Theorem 7.1). As an application we completely answer
the isotropy of semisingular quadratic forms over purely inseparable modular extensions (The-
orem 8.4). In the last section, we introduce the notion of a strong Pfister set, in the spirit of what
was done in [11], and give some domination results when a semisingular quadratic form repre-
sents certain inseparable polynomials. We also give a complete classification of quadratic forms
that become quasi-hyperbolic over the function fields of the following irreducible polynomials
vt + az? + b, 2* + ay? + b and 2* + ay* + ba.

2. BACKGROUND ON QUADRATIC FORMS

Let ¢ be a quadratic form over F' with underlying vector space V. The radical of ¢ is the
F-vector space
Rad(y) :={v eV | By(v,w) =0forall w € V},

where B,, is the polar form of ¢. The restriction of ¢ to Rad(y) is given by a diagonal quadratic
form "7 | c;z? that we denote (ci, . .., cs). Obviously, this form is unique up to isometry, we
call it the quasilinear part of ¢ and denote it ql(¢).

Over the space V/, the form ¢ can be written as follows:

(2.1) o ~ [ay,b1] L [ag,be] L ... L [a,,b.] L ql(p),

where ~ and L denotes the isometry and orthogonal sum of quadratic forms, and [a, b] denotes
the quadratic form ax? + zy + by?. In this case, we say that ¢ is of type (7, s). As in equation
(2.1), the form ¢ is called:

e nonsingular if s = 0,

totally singular if » = 0,

semisingular if » > 0 and s > 0.

singular if s > 0.

We denote by dim ¢ the dimension of . We say that ¢ represents « if there exists v € V
such that p(v) = a. We denote by Dr(¢p) the set of values in F™* represented by ¢. We let
Dy () = Dr(p) U{0}.

Fora,b € F and a € F*, let [a; «; b] denote the binary quadratic form ax? + axy + by?.

For p € Fx1,2s, ..., x,| an irreducible polynomial, let F'(p) be the field of fractions of the
quotient ring F'[z1,...,x,]/(p). We call it the function field of p.

A scalar o € F™ is called a norm of ¢ if ¢ ~ ap.

For a field extension K /F and ¢ an F-quadratic form, let ¢, denote the form ¢ considered
as a form over K by scalar extension.

2.1. Witt decomposition. We say that ¢ is isotropic if there exists v € V' \ {0} such that
©(v) = 0, otherwise ¢ is called anisotropic.
For any integer n > 0, the quadratic form ¢ L ... L ¢ is denoted by n x .
—_———

n times
The quadratic form ¢ uniquely decomposes as follows:

O~ @an L1 x[0,0] Ljx(0),
3



where ¢, 1s an anisotropic quadratic form. We call ¢,,, the anisotropic part of ¢, and the
integer ¢ (resp. ) is called the Witt index (resp. the defect index) of . The integer i + 7 is
called the total index of . We denote i, j and i + j by iw (©), ia(®) and i;(p), respectively.
The form ¢ is called nondefective when i4() = 0.

Two quadratic forms ¢4 and 9 are Witt-equivalent, denoted by 1 ~ @9, if o1 L mx[0, 0] ~
@2 L n x [0,0] for some m,n € N.

Definition 2.1. Let ¢ be a singular quadratic form.

(1) If v is totally singular, then v is called quasi-hyperbolic if i,(p) > di%.

(2) If  is semisingular, then ¢ is called quasi-hyperbolic (resp. strictly quasi-hyperbolic) if
i(p) > di—‘;lf (resp. iw(p) = %ﬁnql(“") and ql(yp) is quasi-hyperbolic).

Obviously, a semisingular quadratic form which is strictly quasi-hyperbolic is in particular
quasi-hyperbolic. But the converse is not always true as the following easy example shows:

Example 2.2. Consider the quadratic form ¢ = [t,t5] L (1,t3,14,t5) defined over the rational
function field K = F(ty,---,t5) in the indeterminates ti,- - - ,ts. Extending the scalars to
L = K(\t5,Vta,\/T5) yields pr ~ [ti,t2] L (1) L 3 x (0). Thus, ir(¢r) > 922 but
iw(pr) = 0.

However, the following proposition shows that the two versions of quasi-hyperbolicity coin-
cide over the function field F'(p) for any irreducible p € Flzy, - -, x,].

Proposition 2.3. ([15, Prop. 2.2]) Let p € F[xy,- -+, x,] be an irreducible polynomial. Let ¢
be an anisotropic semisingular quadratic form. If ¢ is quasi-hyperbolic over F(p), then p is

inseparable and oy is strictly quasi-hyperbolic.
We recall the following cancellation result:

Proposition 2.4. ([9, Proposition 1.2] for (1), [6, Lemma 2.6] for (2)) Let o1, w3 be two qua-
dratic forms (possibly singular). Suppose that one of the following conditions holds:

(1) o1 LY >~ @y 1 1 for some nonsingular form 1),
(2) p1 L s x{0) ~ ¢y L s x(0) for some integer s > 0 and p1, v nondefective.

Then, p1 =~ ps.

The following isometries are easy to prove and will be used in our proofs:
la,b] L [c,d] ~[a+cb] Lc,b+d],
[a,0] L (c) > [a+cb] L (o),
[1,a] ~ [1,a?],
ala, b ~ [aa, a0,
[a; a; b] ~ [a, ba~2],

for all a,b,c € F and o € F*. In particular, the first isometry gives the equivalence [a,b] L

la,d] ~ [a,b+ d].
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2.2. Pfister forms. Foray,...,a, € F*, let(ai,...,a,), be the diagonal bilinear form defined
by:

((‘rla cee ,$n>, (yh e 7yn)) = Zalxlyl
=1

Let W(F') (resp. W,(F') ) be the Witt ring of regular symmetric F'-bilnear forms (resp. the
Witt group of nonsingular F-quadratic forms). The group W, (F') is endowed with a W (F)-
module structure as follows: To any regular symmetric F’-bilinear form B on a vector space U
and nonsingular /'-quadratic form ¢ on a vector space V', we associate a nonsingular quadratic
form B ® ¢ defined on U ®p V by:

B® p(u®v) = B(u,u)p(v) forany (u,v) € U x V

and whose polar formis B ® B, [2].

An n-fold bilinear Pfister form is a form of type B = (1,a;), ® - - - ® (1, a,), for some a; €
F*; we write B = ({ay, - - -, ay)), for short. If Q) : © — B(x, x) is the totally singular quadratic
form associated to B, we write () = ((ay, - -, a,)) and call it an n-fold quasi-Pfister form. An
(n+1)-fold quadratic Pfister form is a nonsingular quadratic form of type ({a1, - - -, a,)),®|1, ]
for some a; € F*, b € F, we denote it ({ay, - - -, a,; b]]. Both Pfister and quasi-Pfister forms are
round, i.e., z € F™ is represented by a Pfister (or quasi-Pfister) form 7 if and only if m ~ a7 [2,
Th. 2.4, page 95], [6, Prop. 8.5]. The set of forms isometric (resp. similar) to n-fold quadratic
Pfister forms will be denoted by P, (F) (resp. GP,,(F)).

Let () be a quadratic Pfister form and B a bilinear form. Using the roundness of (), we prove
the following: If B ® @) is isotropic, then there exists an isotropic bilinear form B’ such that
B®Q ~ B'®Q. In particular, (B® Q)4 ~ C ®(Q for some bilinear form C' and iy (B® Q) is
divisible by dim (). Similarly, if we take () a quadratic form and B a bilinear Pfister form, then
(B® Q)an ~ B ® Q' for some quadratic form Q" and iy (B ® Q) is divisible by dim B. For
totally singular forms, we also have the following: If ()’ is a quasi-Pfister form and p a totally
singular form, then (Q’ ® p)s, ~ Q' ® 6 for some totally singular form ¢, and i4(p ® Q') is
divisible by dim @".

We also have the following fact: If () be a quadratic Pfister form, B a bilinear form and
a € Dp(B ® @), then there exists a bilinear form B’ such that B ® @ ~ ((o), L B') ® Q.
Similarly, If ()’ is a quasi-Pfister form, p a totally singular form and « € D (Q’ ® p), then there
exists a totally singular form p’ such that )’ ® p ~ Q' ® ({(«) L p'). These two facts are due to
the roundness property of Pfister forms.

2.3. Dominated forms. Let ¢ and ) be quadratic forms with underlying vector spaces V' and
W, respectively. We say that ¢ is dominated by v, denoted ¢ < 1, if there exists an injective
F-linear map ¢ : V. — W such that p(v) = (o(v)) for all v € V. We say that ¢ is
weakly dominated by ¢ if there exists & € F™* such that ap < . An explicit translation of the
domination relation is given by the following theorem.

Theorem 2.5. ([6, Th. 3.4]) Let p and ¢ be quadratic forms over F. Then, ¢ is dominated

by 1 is there exist nonsingular quadratic forms @, and T, nonnegative integers s' < s < §”,
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e F(1<i<s)andd; € F(1<j<¢')suchthatp ~ ¢, L (c1,...,cs) and
v~ L1 Ley,di] L., Ley,dg] L (Cogry...,con).

We also mention the completion lemma due to Hoffmann and Laghribi which will play a
crucial role in many proofs.

Lemma 2.6. ([6, Lemma 3.9]) Let R and R’ be nonsingular quadratic forms over F, and
¢i,Cydi € F, 1 <i<n.Supposethat R L {(cy,...,c,) ~ R L {c\,...,c). Then, there exist
dy,....d, € Fsuchthat R L [c;,dy] L ... L [cy,dy| 2R L[c),d]] L... L[, d]

Tl7 n

We derive from Lemma 2.6 some specific corollaries that we will need.

Corollary 2.7. Let ¢ = R L ql(p) be an anisotropic quadratic form over F, and © a quasi-
Pfister form such that ql(p) ~ 7 & =y for some totally singular form . Let ¢y, -+, cs € Dp(7)
be such that (cy,- - -,cs) < . Suppose that 1 € Dp(R). Then, there exist dy,---,ds, € F and
R’ a nonsingular form such that ¢ ~ [c1,dy] L -+ L [cs,ds] L R L ql(y). In particular,
dim R > 2s.

Proof. First we claim that D%({c1,---,cs)) N D%(ql(¢)) = {0}. In fact, suppose we have
a nonzero scalar ¢ € Dp({(c1, -+, ¢s)) N Dp(ql(p)). Using the roundness of 7, we get
al(e) ~ m® ((¢) L ---). Since, (c1,---,cs) is anisotropic as it is dominated by ¢, we get
(c1,-++,cs) C m. Hence, ¢ € Dp(m). Consequently, the condition ql(¢) ~ 7 ® ((¢) L --+)
implies that 1 € Dp(ql(p)), a contradiction because 1 € Dp(R) and ¢ is anisotropic.
Since D%({cy,--,cs)) N D%(ql(¢)) = {0}, the domination condition {(cy,---,cs) < ¢ en-

sures the existence of a nonsingular form R’ and scalars ¢}, ---,c.,d},---,d, € F such that
(Cr,-+,c5) = (c),--+,c) and ¢ ~ [¢],d]] L 1 [c,d] L R L ql(¢) (Theorem 2.5).
Moreover, by the completion lemma, there exist dy,...,d, € F such that [¢},d;] L - - L
[, d.] ~[c1,di] L -+ L [cs,ds]. Hence the claim. O

Corollary 2.8. Let d € F*, R, R nonsingular F-quadratic forms and Q) a totally singular
F-quadratic form. Suppose

(RLQ LdQ),~ (R L Q 1dQ)p,

where L = F' or L is a multiquadratic purely inseparable extension of F'. Then, there exists a

nonsingular F-quadratic form \ such that:

(RLQ)L~(R L(L,d),o\1Q).

Proof. Let us write Q) = (ay,---,as) foray,---,as € F. Applying Lemma 2.6 to the equiva-

lence
(RLQLdQ), ~ (R LQ 1LdQ)y.,
we get
(2.2) (RLQ). LZO da;] ~ (R L Q)y J_sz,daz



for suitable by, ...,bs € L. Since (a;) ~ (a;) L [a;,db;] and (a;) C @Q, we may write (2.2) as
follows

(RLQ)~RyL(d,orLQ
where A\ = Y7 [db;,q;] for all 1 < ¢ < s. Moreover, when a; # 0 we have [db;, a;] ~
a;[1, a;db;] ~ a;[1, (a;db;)?] is defined over F' since L?> C F, as desired. O

Corollary 2.9. Let R, R' be nonsingular F-quadratic forms, and QQ = (c1,- -, ¢s), Q' totally
singular F-quadratic forms. Let d € F* be such that

R1Q1LdQ LQ ~R 1LQLdQ LQ'.
Then, for any x1,---,xs € F, there exist A\ and R" nonsingular F-quadratic forms such that

dim R" = 2s and

RLY fepa) LQ ~R L(1,d),® A LR LQ.

=1

Proof. We apply Lemma 2.6 to the equivalence R 1. Q L dQ L Q' ~ R 1 Q 1 dQ L Q', we
get

R (e ] L e, 0) L@ ~ R LY ([eiryi] L [des, =) L Q'

for suitable y;, z; € F for 1 < i < s. Moreover, using [c;, y;] L [dc;, 2] ~ (1,d), ® [ci,y:] L
[de;, d™Yy; + 2], we obtain

RLY e LQ ~R L(Ldy,®A LR 1@,
=1

where A = 3% [c;, 3] and R” = 77 [de;, d~Yy; + 2] of dimension 2s, as desired. O

2.4. A result on excellence. A field extension L/F is called excellent for quadratic forms if
for any F’-quadratic form ¢, there exists an F-quadratic form ¢ such that ()4, =~ 1¢r. The
excellence property holds for totally singular quadratic forms over any field extension [12, Lem.
2.1]. More precisely, we have:

Lemma 2.10. Let L/F be a field extension and ¢ a totally singular F-quadratic form. Then,
there exists 1) a subform of ¢ such that (1) an ~= V.

Hence, using the uniqueness of the quasilinear part, we get the following lemma.

Corollary 2.11. ([6, Lemma 2.2]) Let  be a quadratic form over F, and L any field extension
of F. Then, there exists 1) a subform of ql(y) such that (ql(¢r))an =~ VL.

A classical example of excellent extensions is given by quadratic extensions of /' (separable
or inseparable). More generally, for multiquadratic purely inseparable extensions we recall the
following important result:

Theorem 2.12. ([5, Main theorem]) If L/ F' is a multiquadratic purely inseparable extension of

F, then L/ F is excellent for quadratic forms.
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3. ON QUASI-HYPERBOLICITY OVER PURELY INSEPARABLE MODULAR EXTENSIONS

Let K be a purely inseparable extension of F.. We say that K/F' is modular if there exist
Ky, ---, K4 simple purely inseparable extensions of F' such that X' ~ K| ®p --- Qp K. In
other words, K/ F is a purely inseparable modular extension if there exist dy,---,ds; € F and
ny,---,ns € Ny such that:

G.1) K =F(*{/dy,...,"V/d,) and [K : F] = 2"+,

In this case, the scalars dy, - --,ds are 2-independent, and thus the quasi-Pfister form 7 :=
({dy,---,d)) is anisotropic. The exponent e of K is just the biggest integer among ny, - - -, n.
It is the smallest integer e satisfying K> C F.

We recall a result on the isotropy of totally singular forms over purely inseparable extensions
which are modular.

Theorem 3.1. ([4, Theorem 5.9]) Let K be as in (3.1) and 1 = ({(dy,---,ds)). Let v be an
anisotropic totally singular F-quadratic form. Then, the following statements are equivalent:
(1) ¢k is isotropic.

(2) ™ ® @ is isotropic.

We use Theorem 3.1 to give criterion for quasi-hyperbolicity of totally singular quadratic
forms over K.

Corollary 3.2. Let K be asin (3.1)and m = ((dy,-- -, ds)). Let @ be an anisotropic totally sin-
gular F'-quadratic form. Then, ¢k is quasi-hyperbolic if and only if m ® p is quasi-hyperbolic.

Proof. Since 7 is round, we get (T ® @), ~ ™ ® ¢ for a suitable totally singular quadratic
form. Let us write 7 ® ¢ ~ ¢ X (0) L 7 ® ¢'. Extending 7 ® ¢ to K, and using the fact that
T ~ (1) L (2° — 1) x (0), we get

o L (2°=1)dimp x (0) ~ e x (0) L @) L (2° —1)dim¢" x (0).

The form ¢’ is anisotropic because ™ ® ¢’ is anisotropic (Theorem 3.1). By the uniqueness
of anisotropic part, it follows from the previous isometry that (¢ )an =~ ¢'.

dim(r®¢p
)< =

Obviously, dim(m ® ¢’ L iff dim ¢’ < di%, and thus 7 ® ¢ is quasi-hyperbolic

iff ¢ is quasi-hyperbolic. 0

In the case of simple purely inseparable extensions, the quasi-hyperbolicity criterion for to-
tally singular forms has an equivalence formulation as given in the following proposition:

Proposition 3.3. ([4, Th. 7.7]) Let d € F \ F? and K = F( 2%) (n > 1). Let ¢ be an
anisotropic totally singular F-quadratic form. Then, ¢ becomes quasi-hyperbolic over K iff
¢ ~ (1,d) ® p for suitable totally singular F-quadratic form p.

Note that the form p in Proposition 3.3 is anisotropic over F( 3/d) as ¢ ~ (1,d) ® p is
anisotropic (Theorem 3.1).

Corollary 3.4. Letd € F\ F? and K = F(*/d) (n > 1). Let ¢ be an anisotropic totally

singular F-quadratic form. Then , we have:
8



(1) ¢k is quasi-hyperbolic iff (1,d) @ ¢ is quasi-hyperbolic iff there exists a totally singular
form p such that ¢ ~ (1,d) ® p.
(2) If one of the equivalent conditions in (1) is satisfied, then Dp({1,d) ® @) = Dp(y).

Proof. (1) This is a direct consequence of Corollary 3.2 and Proposition 3.3.
(2) Suppose that one of the equivalent conditions in (1) is satisfied. Then, there exists a totally
singular form p such that ¢ ~ (1, d) ® p. Hence, we get the following equivalences:

u€ Dp((1,d) ® p) <= ue Dp((1,d) ®(1,d) @ p)
< u € Dp((1,d,0,0) ® p)
— we Dp({1,d)®p L 2dimp x (0))
(

< u € Dr(yp).

We recall the norm theorem that will be used repeatedly in our proofs.

Theorem 3.5. ([15, Theorem 1.1]) Let ¢ be a nondefective semisingular quadratic form of
dimension > 3 over F, and let p € F|xy,2s, ..., x,] be a normed irreducible polynomial and

L = F(x1,x9,...,x,). Then, the following two conditions are equivalent:
(1) ¢ is quasi-hyperbolic over F (p).
(2) pis anorm of pr.

We keep K = F(*V/dy, -+, *V/d,) and m = {({(dy,---,d,)) as in the beginning of this
section, and we let e the exponent of K. In the case when e > 1, we attach to [’ the following
2-fold quadratic Pfister forms:

(3.2) <<u W2 N dl;(t,sﬂ

such thatu € F*, 1 <t <e,0 < k(t,1) < 2" and max{1,2"""*1} | k(¢,1) forall 1 <1 < s.
These forms will play a crucial role in the classifications given in Theorems 7.1 and 5.1, and
appear in a recent paper of Sobiech [17, Th. 5.3] where the (graded-)Witt kernel of an arbitrary
purely inseparable extension of F'is given.

Notations 3.6. Let ¢ = R | ql(p) be a singular quadratic form over F and a € Dp(R). We
fix the following notations:

(1) Prp(ny,dy, -+, ng, ds) is the set of 2-fold quadratic Pfister forms as given in equation (3.2).
(2) Pi(ny,dy, -+, ng, ds; @) is the set of 2-fold quadratic Pfister forms as given in equation
(3.2) and satisfying the additional condition u € Dp(am ® ql(yp)).

The following remark is a direct consequence of Corollary 3.4 and will appear for the case of
simple purely inseparable extensions:

Remark 3.7. When K = F(*\/d,), ny > 2, is a simple purely inseparable extension, then n,
is the exponent of K and we have:

(1) Pp(ni,di) = {{{u,u*d}]] |u € F*, 1 <t <njand 0 < k < 2'}.

(2)If o = R L ql(p) is an anisotropic singular form that becomes quasi-hyperbolic over K

and a € Dp(R), then:
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(a) There exists a totally singular form p such that ql(p) ~ (1,d;) ® p.
(b) Pa(ni,diyp) = {{{u,u*d}]] | uw € Dp(aql(p)), 1 <t <mnyand0 <k <2t}

To state our results in a simple way, we introduce the following notations:

Notations 3.8. (1) Mp(ny,dy,---,ns, ds) is the W(F)-submodule of W,(F') generated by
Pr(ny,dy, -+, ng,dy).

(2) Np(dy,---,d,) is the submodule ;| (1,d;), @ W,(F) of W,(F).

(3) M%(ny,dy,---,ns,ds;p) is the subgroup of W,(F) additively generated by
Pi(ny,dy, -+, s, ds; ).

The following remark is obvious but useful for our proofs:

Remark 3.9. Let ¢ = R | ql(p) be a singular quadratic form over F and a € Dp(R). Then,
MaF(nly d17 s, N, d87 SD) = M}:(?’Ll, dla s, N, dsa CLQD)

In our proofs of Theorems 7.1 and 5.1, we will first treat the case of semisingular
quadratic forms of type (1,s). This is the reason why we need to consider the sets
M%(ny,dy, - -+, ng, ds; ) for scalars a € F* represented by the nonsingular part of .

Recall that any 2-fold quadratic Pfister form as in (3.2) is hyperbolic over K [17, Theorem
5.3], and thus any form in M g(n,,ds, - - -, ns, ds) becomes hyperbolic over K. Obviously, any
form in Nz (dy, - - -, ds) is hyperbolic over K as well.

4. SOME USEFUL RESULTS

4.1. Representation results. Let ¢ be an F'-quadratic form of underlying vector space V', and
F[z] the ring of polynomials in the indeterminate . We denote by V' (x) and V'[z] the spaces
V ®p F(z) and V ®@p F[z], respectively. We recall the Cassels-Pfister theorem:

Theorem 4.1. ([3, Th. 17.3]) We keep the same notations and hypotheses as before. Let v €
V(x) be such that o(v) € Fx|. Then, there exists a vector w € V [x] such that p(v) = p(w).

We also need the following result which is a stronger version of Cassels-Pfister theorem.

Proposition 4.2. ([3, Prop. 17.9]) We keep the same notations and hypotheses as before.
Suppose that ¢ is anisotropic and let s € V, v € V(x) be such that p(v) € F[z| and
B, (s,v) € Flx]. Then, there exists w € V [x] such that p(v) = p(w) and B,(s,v) = By(s, w).

Another result that will play a crucial role for the quasi-hyperbolicity over the function fields
of certain inseparable polynomials is the so-called “Witt Extension Theorem” that states the
following:

Theorem 4.3. ([3, Theorem 8.3]) Let p and ) be isometric F'-quadratic forms whose underly-
ing vector spaces are U and V, respectively. Let U' C U and V' C V be subspaces such that
U'NRad(y) = 0and V' NRad(y)) = 0. Suppose there is an isometry o : o7 — . Then,

there is an isometry o : o — ¢ such that o/ (U') = V" and o, = a.
10



The following corollary is the starting point for the quasi-hyperbolicity of semisingular qua-
dratic forms over inseparable quadratic extensions.

Corollary 4.4. Let ¢ = R L ql(p) be an anisotropic semisingular F-quadratic form. Let
d € F\ F? and suppose that ¢ is quasi-hyperbolic over F(\/d). Then, dim R > 4, and for any
scalar o« € Dp(R), there exist a nonsingular form R’ of dimension dim R — 2 and a € F such
that

Proof. Let L = F(\/E) and V the underlying vector space of ¢. We may suppose a = 1.
Since ¢, is quasi-hyperbolic, then ql(y)y, is quasi-hyperbolic, and thus ql(p) ~ (1, d) ® p for
some totally singular form p. Moreover, 2> + d is a norm of ©r(z) (Theorem 3.5). Hence,
¢r@)(v) = 2® + d for some vector v € V(x). We may suppose v € V[z] (Theorem 4.1).
Since ¢ is anisotropic, we may write v = vy + xv; for vg,v; € V. Hence, the condition
¢r@)(v) = 2 + d implies the following relations: p(vg) = d, p(v1) = 1 and B,(vg,v1) = 0,
meaning that (1,d) < . It follows from Corollary 2.7 that dim R > 4, and we have the
following isometry:
w~[1l,a] Ld[1,b] L6 L dl(y),

where a,b € F and 0 is a nonsingular quadratic form of dimension dim R — 4. The previous
isometry can be re-written as follows:

p~(Ld),®[1,d LR Ldlp),
where R’ = d[1,a + b] L 0 is of dimension dim R — 2. Hence the corollary. O

Remark 4.5. Note that in Corollary 4.4, the hypothesis of quasi-hyperbolicity is necessary to
make the scalar o appear in the right hand side of equation (4.1).

Corollary 4.6. Let d € F'\ F? and ¢ an anisotropic semisingular F-quadratic form. Then,
becomes quasi-hyperbolic over F (\/c_l) iff we have the two conditions:

(1) ¢ ~ 1 L ql(p) for some p; € Np(d).
(2) ql(p) =~ (1,d) @ p for some totally singular F-quadratic form p.

Proof. Let L = F(+/d). Since ¢, is quasi-hyperbolic, then ql(p) ~ (1,d) & p for some totally
singular form p. The rest of the corollary follows from Corollary 4.4 using an induction on the
dimension of the nonsingular part of . U

4.2. Certain calculations on generator quadratic forms. Our criterion for (strict) quasi-
hyperbolicity over purely inseparable modular extensions is based on the 2-fold Pfister forms
given in equation (3.2). Our aim in this section is to prove some results helping us to expand
these forms when they are given over a quadratic inseparable extension of the base field. This is
due to the fact that in our proofs, we will proceed by induction on the degree of the extension,
and thus we are brought to consider the generators first on a quadratic inseparable extension.

To this end we recall a lemma that will play a key role in this process.
11



Lemma 4.7. Let ay,...,a, € F*(n > 2)and c € F be such that a := Z?:l a; # 0. Then, we

have
n

(La)y,@[Ld~> (La),® [1, %C} .

i=1

This lemma is due to Aravire and Baeza for n = 2 [1, Lemma 2.1], but their proof easily
extends to any integer n > 2.

For the rest of this subsection we fix an inseparable quadratic extension F'(v/d) of F. As a
direct consequence of Lemma 4.7, we have the following result.

Corollary 4.8. Let s = so 4+ s1\/d € F(\/d) with so, s, € F*. Then, we have the following
equivalence over F(\/d):

(L5 @ [1, 5" (VD] ~ (1,50}, ® [ Lsos™ (VD] + (Ls1Vdy @ [1,s0s" 7 (V)]
We mention an easy lemma but useful for the sequel.

Lemma 4.9. Let s = 50 + s1V/d € F(\/d) with s, 5, € F. Then, we have:

2t—1
SQt—1 _ (80 + 31\/3)?_1 _ Z 36<81\/E)2t—1—j.

J=0

Proof. We already know s> ' = (59 4+ s;v/d)?* ' = ZZLl (Qtfl)s%(slx/a)?*l*j. Since

Jj=0 J

(2t;1) = 1 (mod 2) for all 0 < j < 2! — 1, and we are working over a field of character-

istic 2, we get the desired conclusion. O
We will often use the following lemma.

Lemma 4.10. Let p be a totally singular F-quadratic form such that s € Dp Va) (p L \/Ep)
where s = sy + 81\/c_if0r some sg,s1 € F. Then, for each i = 0,1, when s; # 0 we obtain:
si € Dp(p L dp), and s;, s;\/d € Dpa(p L Vdp).

Proof. Put L = F(+/d). Since s € Dpa(p L V/dp), there exist vy, vy, wo, w; vectors in the
underlying F'-vector space of p such that

S = p(UQ + \/C_Z?Jl) + \/E/)(wo + \/c_lwl) = p(Uo) + dp(vl) + \/E(,O(’LU()) + d,()(UJl))

Hence, so = p(vo)+dp(v1) and s; = p(wg)+dp(wy). Sowhen s; # 0, we gets; € Dr(p L dp).
Moreover, when s; # 0, the condition s; € Dp(p L dp) implies s; € Dy(p L dim p x (0)),
and thus s; € Dy (p). In particular, s; € Dy (p L v/dp) and s;v/d € Dy(p L /dp). O

Further joining the Lemma 4.10 with Corollary 4.8 gives us the following corollary:

Corollary 4.11. Let p, s, s,, S1 be as in Lemma 4.10, and B € F. Then, we have the following
equivalence over F(\/d):

4.2) <<s th(\/E)kBH LpLVdp~ L2 d" 82 L[, ¥+ 52 L p L V.
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Proof. Put Q = p L V/dp. If sy = 0 or s; = 0, then the corollary is obviously satisfied.
So we deal with the case sy, s; € . With the help of Corollary 4.8 we have the following
equivalence:

4.3)
<<s, s2t(\/8)kﬁﬂ 1Q ~ (1,50), ® [1, 505> L (VA)*B] L (1,5:Vd)y ® [1, 515> L (Vd)* 18] L Q.

Now using the expansion s2 ! = Z?t:_ol sh(s1v/d)* 177 (Lemma 4.9), and repeatedly use the

equivalence [1,a + b] ~ [1,a] L [1, b] to get the following equation:

2t_1
(.2 VD3]] LQ ~ 3 (Lsody o 1, 51152 (Va4
=0
201
1 <1, 51\/E>b @ [1,shs2 H(Vd)* B L Q.
1=0
Hence, we get
(4.4)
2t_2
(2 VDFE)] L Qo 3 (Losuly @ L5~ (VAP 1748) L (130, @ 1,55 (V)
=0
201
1 <1, 31\/E>b ® [1, ¥ (Vd)**5] L ; <1, 31\/3>b @ [1,shs2 (V) B L Q.

. 1 . _ .
Note that the terms 57 s> 7/ (v/d)* ~13+* and s, s> ~!(v/d)* ~** are on the respective range

of j and [. Hence, we can re-write equation (4.4) as:

(4.5)
(5.5 (V8] ]| L@~ 3 solt,sf 2 (VAP 48) L1 (VA)6) L solt, 53 (V)5

2t—1

L (1,87 (V) ™8] LsiVd[L, st (Vd)* ™8] LY siVd[L, shsi H(Va)* 5] L Q.
=1

Since 59, 51V/d € Dy (ya)(@), we know:
Q ~ so[l,u] L syVd[1,0] L Q,
for any u,v € F(v/d). Thus, we can express equation (4.5) as follows:
@6 (55" (VS| LQ~ L (VDHE L LT (VD L Q.

Now over equation (4.6), we use the isometry [1,u] ~ [1,u?] to get equation (4.2). O
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5. THE CASE OF SIMPLE PURELY INSEPARABLE EXTENSIONS

Throughout this section, we fix d € F \ F 2and K = F ( 2{73) n > 2, a simple purely
inseparable extension of F'. Our aim is to prove Theorem 5.1 below that deals with the quasi-
hyperbolicity over K of semisingular quadratic forms. Although the proof is also covered in
the general case coming up in the next section, we mention the proof here to form a clear idea
for the reader, and because the strategy of proof dealing with the quasilinear part for a general
extension is a little bit different than that used for simple purely inseparable extensions.

Theorem 5.1. Let K = F( 2%), n > 2, be as before and ¢ an anisotropic semisingular
F-quadratic form. Then, ¢ is quasi-hyperbolic over K iff we have the two conditions:

(1) ¢ ~ 1 L o L ql(y) for suitable o1 € Mp(n,d) and ps € Nr(d),

(2) dl(¢) ~ (1,d) ® p for a suitable totally singular form p.

We first prove Proposition 5.2 which deals with the quasi-hyperbolicity over K of semisingu-
lar quadratic forms ¢ of type (1, s). The classification given in this proposition is more precise
than that given in Theorem 5.1 because we take a form in M%.(n, d; ¢) multiplied by a scalar
represented by the nonsingular part of ¢. This is crucial to prove the proposition using an in-
duction on the integer n. Based on this proposition and an induction on the dimension of the
nonsingular part, we will prove Theorem 5.1.

Proposition 5.2. Let K = F(*/d), n > 2, be as before and p = a[1,b] L ql(y) an anisotropic
semisingular F-quadratic form. Then, @ is quasi-hyperbolic over K iff we have the two condi-
tions:

(1) ¢ ~ apr L ql(p) for suitable o1 € M%(n,d; ),

(2) dl(¢) ~ p L dp for a suitable totally singular form p.

Proof. Working with the form ap and because M%(n, d; ) = Mk (n, d; ap) (Remark 3.9), we
may suppose a = 1. Let V' be the underlying vector space of ¢. The conditions (1) and (2)
imply that ¢ is quasi-hyperbolic. Now suppose that ¢ is quasi-hyperbolic over K. It follows
from Proposition 2.3 that iy (¢, ( 2%)) = land ql(¢ B 2%)) is quasi-hyperbolic. With the help
of Proposition 3.3, we have ql(¢) ~ p L dp for some totally singular F-quadratic form p. We
proceed by induction on n to prove the first statement of the proposition.

Step 1. Suppose n = 2. By Theorem 3.5 we have:
o~ (z' + d)p.

Since the nonsingular part of ¢ represents 1, there exists v € V() such that o(v) = 2% + d.
We may assume v € V'[z] by Theorem 4.1. Since ¢ is anisotropic, the polynomial vector v has
degree 2. Let v = vg + v12 + vex? be such that vy, v, v, € V. Then, we get

p(v) = 4+ d= ©(vg) + By (vo, v1)x + go(’ul):cz + B, (vo, ’UQ)Z'Z + By (v1, UQ)Q’)B + gp(vg)afA‘.
So we have the following relations:

* o(v) =d,



e o(v2) =1,

® p(v1) = By(vo, v2),

e B,(vg,v1) = By(v1,v2) = 0.
Case 1. Suppose ¢(v;) = 0. Since ¢ is anisotropic, it follows that v; = 0, and thus we reduce
to the relations: ¢(vy) = d, ¢(v2) = 1 and B, (vy, v2) = 0, meaning that (1, d) < . This is not
possible by Corollary 2.7 because ¢ has a nonsingular part of dimension 2.
Case 2. Suppose o := p(vy) € F*. Then, the four previous relations mean [1;a;d] L (o) <
¢. Using the isometry [1;a;d] ~ [1,da™?] and the fact that the nonsingular part of ¢ is of
dimension 2, we get

o ~[1,da"? L {a) LQ,

for a suitable totally singular form @) satisfying ql(¢) ~ (a) L Q. Adding a hyperbolic plane
to both sides we can write:

p L H

12

(1,a), @ [1,da™?] L dl(yp),

(La™), ®[L,da™?] L al(p),
<<oz_1 da™ H L ql(e).
(

Note that ™! € Dp(ql(¢)) = Dr({1,d) ® ql(¢)) (Corollary 3.4), and thus the form ¢, =
{{a™1 da™?]] € ML(n,d; ). Hence, the proposition is satisfied for n = 2.

12

12

Step 2. Suppose 1 > 2. Extending ¢ to F/(v/d), we get:

erwva = (1,0 L p)pg L dimp x (0).

Because z'W(<pF( 2%)) =1, we get:

Thus, the F(v/d)-form @ := [1,b] L p L v/dp is quasi-hyperbolic over F( "V V/d). This
enables us to apply our induction hypothesis to the form ¢ provided it is anisotropic over

F(Vd).

(a) Suppose that @ is isotropic over F(\/E) Since py is anisotropic, it follows that p FYa) is
anisotropic as well. Theorem 3.1 implies that p L \/dp is anisotropic over F (\/c_l) Hence, the
isotropy of ¢ implies
(5.1) G~HLplVdp

Extending equation (5.1) to F(v/d) yields:

Prcva = ([LO] L p)piyg L dimp x (0) = H L ppyg L dimp x (0).
Clearly, we can re-write the above equation as follows:

([1,0] L p L dp)pag ~H L ppag L dimp x(0).

vd) — (Vd

Hence, ¢ is quasi-hyperbolic over F' (\4/3) which reduces us to Step 1.
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(b) Suppose that § is anisotropic over F'(v/d). Since @ is quasi-hyperbolic over F( 2n_\l/ Vd),
we deduce by induction that there exists a finite set / such that:
(52) G~y GilplVp,

iel

where G; = <<sl,sft(\/3)kﬂ suchthat 1 <t <n—-2,1<k<2—1lands; € DF(\@(/) 1
Vdp) for all i € I (Corollary 3.4).

We write s; = S;p + Sn\/a for s,9, s;1 € F. Using Corollary 4.11 we re-write equation 5.2 as
follows:

(5.3) Lo LpLlVip~Y ([1, S20 ko] L [1,52{1d’f1]> 1 p L Vp,

iel
where 1 < tp,t; <n—1,1<ky <2 —1,1 < k; < 2% — 1, and each scalar s;g, s;; belongs
to Dr(p L dp) when it is nonzero.

Moreover, using the equivalence [1,z| L [1,y] ~ [1,2 + y], we deduce from equation (5.3)
the following:

(5.4) Lo+ (shd™ + 53 d™)] Lp LVdp~p L Vip.

icl

Let b = b+ >, (550 d" + %" d"). We now extend equation (5.4) to F'(v/d) getting:
[1,0'] L p L dimp x (0) ~p L dimp x (0).

Equivalently, we can write

(5.5) (Lo L p L dp)pcyyay ~ p L dimp x(0).

Thus, the F-quadratic form [1,5] L p L dp is quasi-hyperbolic over F(v/d). We treat two
cases:

(b.1) Suppose that [1,0'] L p L dp is isotropic over F. Then, since p L dp is anisotropic
over F', we have:

[1,0'] Lp Ldp~pLdp.
Consequently, we get
(5.6) o~ >0 (st o] L1 s3 ™)) Lo Ldp,
i€l

Since s;0, 551 € Dr(p L dp), we deduce from equation (5.6) the following:
o ~p1LpLdp,

where o1 = 32, ({1 si0)s ® [1, 53" d%] L (1, 50)y ® [1, 87" d"]) € ML (n, d; p).
(b.2) Suppose that [1,5'] L p L dp is anisotropic. Since it is quasi-hyperbolic over F(~+/d),
we deduce from Step 1. the following:

(1,6 Lp Ldp~ ({r,r?d]] LpLdp
for a scalar r € Dp(p L dp). Hence, as in case (b.1), we get

o ~p1LpLdp,
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where o1 = ((r,r2d]] L Yo, ((Lsio)s ® [L,s2°d*] L (1, s:1), ® [1, 83" d"™]) belongs to
MUL(n,d; ). This proves the proposition. O
Now we are able to prove Theorem 5.1.

Proof of Theorem 5.1. The two conditions imply that ¢ is quasi-hyperbolic. Conversely,
suppose that ¢ is quasi-hyperbolic. Then, we know that ql(p) ~ p L dp for some totally
singular form p which is anisotropic over K. Let R = [a;,01] L ... L [a,,b,] be such that
¢ =R L ql(p). We prove the statement (1) by induction on r.

The case r = 1 is given in Proposition 5.2. So we suppose r > 2. By the quasi-hyperbolicity
of i, we get

Rk L px L dimp x (0) ~r xH L pg L dimp x (0).
Using Witt cancellation (Proposition 2.4), we deduce
R 1L pg~r xH L pk.
Now adding (as, as, . . ., a,); in both sides of the previous equation, we get
Ry L px L (as,as,...,ar) ~r xH L pg L (ag,as,...,ar) -

Note that [a;, b;] L (a;) ~ H L (a;). Thus, after canceling hyperbolic planes, we have the
following isometry:

(5.7) la1, 1] L pr L (az,a3,...,a,) 2 H L pg L (ag,as,...,a:) -
Moreover, by Lemma 2.10, there exists p; a subform of p L (ay, as, ..., a,) such that

((p L (ag,as,...,a:))K)an = (P1)K-

Let p, be a totally singular form such that p L (as,as,...,a,) >~ p; L p,. Canceling the
zero form in (5.7) yields the following

(58) [al,bl]K J_ (,OI)K ~ H _L (pl)K

Let ¢ = [a1,01] L p1 L dpy. The form (p1)k is anisotropic, and thus (Pl)p(\/a) is also
anisotropic. Consequently, p; L dp; is anisotropic (Theorem 3.1). We distinguish two cases:

Case 1. Suppose iy (¢) = 0. Hence, ¢ is anisotropic. Clearly, equation (5.8) implies that ¢k
is quasi-hyperbolic. We now apply Proposition 5.2 to get

(59) [al, bl] 1 P1 1 d,Ol ~ a1P1 1 P1 1 dpl,
where ¢, € M% (n,d; p). Adding in both sides of equation (5.9) the form p, L dp,, we get
[a'la bl] 1 ql(SO) 1 <17 d) ® <a27 ag, ... 7(17”) ~ a1¥1 1 ql(gp) 1 <17 d> ® <a27 as, ... 7a7’> :

Now we apply Corollary 2.9 (for Q = (ag, as, ...,a,), Q" = ql(y) and z; = b; forall 2 < i <
r), we obtain

(5.10) p~arpr Loy LR L dl(e)

for vy € Np(d) and R” a nonsingular form of dimension 2(r—1). Since ¢ is quasi-hyperbolic,

the form R” L ql(y) is also quasi-hyperbolic over K. Hence, we conclude by induction.
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Case 2. Suppose iy (@) = 1. Then, ¢ ~ p; L dp;. Adding in both sides the form ps L dps,
we get

[a1,b1] L ql(e) L (1,d) ® (as,as,...,a.) ~d(p) L (1,d) ® (as,as,...,a,).

Hence, we conclude as in Case 1. This proves the theorem.

6. THE CASE OF MULTIQUADRATIC PURELY INSEPARABLE EXTENSIONS

The case of purely inseparable modular extensions of exponent > 1 is treated in Theorem
7.1. To complete the picture, we treat the case of multiquadratic purely inseparable extensions.

Theorem 6.1. Let dy,---,d, € F and K = F(\/dy,...,\/d,) be such that [L : F] = 2°. Let ¢
be an anisotropic semisingular F-quadratic form. Then, p is strictly quasi-hyperbolic over K
iff the two conditions hold:

(1) p ~ o1 L ql(p) for a suitable form p, € Nx(dy,---,ds),

(2) ({dy,---,ds)) ® ql(y) is quasi-hyperbolic.

Proof. We write o = R L ql(¢) for some nonsingular form R of dimension 2r-.

Clearly, the conditions (1) and (2) imply that ¢ is strictly quasi-hyperbolic since the condi-
tion (2) implies that ql(¢) i is quasi-hyperbolic (Corollary 3.1).

Conversely, suppose that o is strictly quasi-hyperbolic. Then, ql(y) is quasi-hyperbolic
over K, which implies that ({d;, - - -, ds)) ® ql(¢) is quasi-hyperbolic (Corollary 3.1). To prove
the statement (1), we proceed by induction on s. The case s = 1 was already treated in Corollary
4.6. So suppose s > 2.

Let L = F(\/d,...,\/d,),so K = L(y/d;). By Corollary 2.11, there exists 7 a subform of
ql(p) such that (ql(¢) g )an =~ nx. Let i’ be such that ql(p) ~n L 7.

Since 7 is anisotropic over K = L(1/d,), it follows that 7 L dyn is anisotropic over L
(Theorem 3.1). Moreover, since L/F is excellent (Theorem 2.12), there exists a nonsingular
F-quadratic form R; suchthatv := (R L n L din)p)an ~ (Ry L n L din)yL.

Case 1. Suppose dim R; > 0. Since
e ~rXxH Lng L sx{(0)~(RLn)kLsx(0),

for some integer s > 0 and 7 is anisotropic, it follows from Witt cancellation (Proposition 2.4)
that

rxHLng~(RLnk.
In particular, we have
(6.1) rxH L ng Ldimnx(0) ~ (RLn)k L dimn x (0)
~ (RLnldnk.

Now since (R L n L din), ~ (Ry L n L din)L, equation (6.1) ensures that (R; L. n L din)
becomes quasi-hyperbolic over K = L(+/d;). It follows from Corollary 4.4 that

(6.2) (R LnLdin),~a(l,d),®[1,8] L Ry L (nLdin)y,
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where « is an arbitrary scalar in Dr(R;), € L and R, a nonsingular form over L of dimension
dim R; — 2. We may suppose 3 € F because [1,3] ~ [1,3% and L?> C F. Hence, by the
excellence of L/F we may suppose R, defined over F'.

Since (R; L n L din) is quasi-hyperbolic over K, the form (R, L n L din)y is also
quasi-hyperbolic over K. We repeat a number of times the same arguments as we did for
Ry L n L dyn, to prove

(Ry Ly Ldm)p~r L(nLdin)e

for some ©); € Np(d). In particular

(RLnLdmn)p~ir L(nLdin)y.
By Corollary 2.8 (applied to @ = 1), there exists s € Np(d;) such that

(6.3) (R Lo L) ~nr.

Now consider the F-quadratic form 6 := R L ¢y L (1,ds) ® . The form L don is
anisotropic over F' because 7, /z;) 18 also anisotropic. Hence, we conclude from equation (6.3)
that 6 is strictly quasi-hyperbolic over L. The induction hypothesis implies

0~ s LnLdn,
where 13 € Np(da, - -, ds). Again using Corollary 2.8 (applied for ) = 1), we deduce

(6.4) R Lty Ln~yy L,
for some ¢ € Ng(da,...,ds). To conclude we add in both sides of (6.4) the form 7’ to get

¢~ 1 Ldl(p),
where 1 = 1y L 0 € Np(dy, -+, ds).
Case 2. Suppose dim R; = 0. Then, (R L n L din), ~ (n L din)r. By Corollary 2.8
(applied to () = n), we get
(6.5) (RLS6Ln)p~n,

where § € Np(d;). Hence, we are in the conditions of equation (6.3), and thus we finish the
proof as in the previous case. U

7. THE CASE OF PURELY INSEPARABLE MODULAR EXTENSIONS

Throughout this section we fix the same notations as in Section 3, namely: A purely insepa-
rable modular extension K = F( *\/dy,---, *V/d,), the quasi-Pfister form 7 = ({dy, - - -, d,))
and the exponent e of K which is nothing but max{ns, - --,n,}. We suppose e > 1. The strict
quasi-hyperbolicity over K is given by the following theorem:

Theorem 7.1. Let K be as before and ¢ an anisotropic semisingular F-quadratic form. Then,

@ is strictly quasi-hyperbolic over K iff we have the two conditions:
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(1) o ~ o1 L wo L ql(p) for suitable p; € Mp(ny,dy,---,ns,ds) and oy €
NF<d17 e 7ds>’
(2) ™ @ ql(yp) is quasi-hyperbolic.

We will proceed in the same manner as we did in Section 5 for simple purely inseparable
extensions. We first prove Proposition 7.2 that treats the case of semisingular quadratic forms
of type (1,s), and then proceed by induction on the dimension of nonsingular part to prove
Theorem 7.1.

Proposition 7.2. Let K be as before and ¢ = a[l,b] L ql(yp) an anisotropic semisingular
quadratic form over F. Then, o is strictly quasi-hyperbolic over K iff the following conditions

are satisfied:

(1) ¢ ~ apr L pa L dllp) for suitable o1 € Mp(ni,di, - n,,ds; ) and o3 €
NF(db T 7ds>~
(2) ™ ® ql(y) is quasi-hyperbolic.

Proof. The conditions described in the proposition are sufficient to get the strict quasi-
hyperbolicity. Conversely, suppose that ¢ is strictly quasi-hyperbolic over K. Since ql(p)
is quasi-hyperbolic over K, it follows that 7 ® ql(¢) is quasi-hyperbolic (Corollary 3.2). For
the rest of the proof we proceed by induction onnq+- - -+n,. Thecasen; =ng =--- =ny =1
is excluded since e > 1. So without loss of generality, we may suppose n; > 2 and
ny > ng > --- > n, Hence e = ny. Thecase ny = 2,ny = --- = n, = 0 is covered
by Proposition 5.2.

Now we will discuss the case when [K : F| > 4, and because M%.(n,dy, -, ns, ds; ) =
Ml(ny,dy, -, ns, ds; ap) we may suppose a = 1. Let n be a subform of ql(p) such that
(ql(¢) K )an =~ nx and let 1’ be a form such that ql(¢) ~ n L 1. Consider the quadratic form
Y= [1,b] Ln L +/dinover L := F(/dy).

Observe that 17 L d;n is anisotropic over I (resp. L \/dyn is anisotropic over L) because
Ne(var) and 1g 4/ are anisotropic as 7k is also anisotropic. Moreover, the form 1 s strictly
quasi-hyperbolic over K because ([1,b] L 1)k ~ H L ng.

(A) Suppose that ) is isotropic over L. Since L +/di7 is anisotropic over L, we have the
following isometry:

[1,0] Ln L \/din~H LnL\/dn.
We extend ¢ to F'(v/d,) to get:

([1,0] L m)p(yay L dimn x (0) ~H L7 L dimn x (0),
or equivalently,  := [1,b] L n L dyn is quasi-hyperbolic over F'(v/d;).
(1) If € is anisotropic over F', we deduce from Proposition 5.2 that
(7.1) [L,b] Ly Ldin~vy Ly Ldn,
where 1, € ML(2,dy;0). Corollary 2.8, applied to equation (7.1), implies

[17b]J—77N¢1J-?/12J—777
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for some ¢, € Np(d;). We add in both sides of the previous equivalence the form 7’ to get
dl(p). Clearly, M%L(2,d1;0) C Mk(ny,dy, -+, ng ds; @) and Np(dy) C Ne(dy, -+, ds).
Hence, the proposition is satisfied.

(2) If 0 is isotropic, then there exist x; € Dpg(n) such that dyzy € Dp([1,b] L n). Since
n L dyn is anisotropic, we get the following isometry over F":

[1,0] L n=~dazlv] Ln,
for some v € F'. Further, since 1 € Dg(n) we have the following equivalence over F"
[1,0] L n~dyz[l,v] L ay[1,0] Ln,
~ (1, dv), @ (1L, 0]) L.
In particular, [1,0] L ql(¢) ~ 95 L ql(p), where ¥ = (1, d;), ® (z1[1,v]) € Nr(d;). Hence,

the proposition is satisfied.

(B) Suppose that ¢ is anisotropic over L. Since ¢ is strictly quasi-hyperbolic and [K : L] <
[K : F], we get by induction the following equivalence over L:

1. Ly Ly~ 3 Q! (VOB | L (L, @y

(7.2) s
LY (L d),®p; Ly L+/din,

j=2

where u; € Dy (((Vdi,da, . ...ds)) ® (((Vdi)) ®n)) = Do(({Vdi,ds,....ds))@1), pj €
W,(L) and

o 1 <t<eé,

o 0 < k(1) <2,

e max{1, 27+ | k(t,1) for I # 1, and max{1,2!=(m =D+ | k(¢, 1),
where €’ is the exponent of the extension K /L. Observe that ¢ € {e — 1,e}. Completing the
quaslinear part in both sides of equation (7.2) yields:

1,0 L <<\/I dy, ... ,d8>> on~ Y <<u G2 (D D) ,df(t,s)”

el

1 <1, \/d—1>b ®py L Z (1,d,), ® p; L <<\/I,d2, . ,ds>> ® 1,
=2

(7.3)

For all i € I, let us write u; = w;o + u;11/d; such that u;o, u;; € F. Recall (Lemma 4.10):
® uj,ui € Dp(m®@n) C Dp(m @ ql(p)),
® ujo, ui\/di € DL(<<\/I7 da, . .. 7ds>> ®n).
Put dg(t’z) g = B € F. Applying Corollary 4.11 to equation (7.3) yields:
[1,0] L <<\/d1, dy, ... ,d8>> QN ~ Z <[17 u%ﬂdllc(t,l)ﬁz] L, ug{+1dllf(t,1)+2tﬁ2]>
iel
(7.4)

1 <1, \/d_1>b®p1 1 Z (1,d;), ® p; L <<\/d_1,d2,...,ds>> Q1.
j=2
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Using the isometry [1,z] L [1,y] ~ [1, z + y], we deduce from equation (7.4) the following:

0] L <<\/_1,d2,..., >>®n~ <1,\/d_1>b®p1 Li<1,dj>b®pj

(7.5) =2

L<<\/d_1,d2,...,ds>>®n,

where b’ =b+3) ., (u ( 2t+1 k(t 1) 82 + 2t+1d1(t,1)+2tﬂz)

Let M = F(3/dy,\/dy,...,\/d,) and S = F(\/dy,...,/ds). We extend equation (7.5) to
M getting:

([1,0] L), L (2°=1)dimn x (0) ~n L (2° —1)dimn x (0).
Equivalently, we can cancel (2° — 1) dim 7 x (0) and write:
(1Y) Ly L dim)yy ~n L dimy x {0).
Thus, the F-quadratic form [1,0'] L n L dn is strictly quasi-hyperbolic over M.

(1) Suppose that [1,0'] L n L dyn is isotropic over F'. Then, its Witt index is 1 because n L dyn
is anisotropic over [, and thus

(7.6) [1,0] L Ldin~nLdn

(2) Suppose that [1,8'] L n L dyn is anisotropic over F. Since 1k is anisotropic, the form
Ns(var) is anisotropic as well, and thus ( L dy7)s is anisotropic.

Case 1. Suppose iy (([1,0'] L n L din)s) = 1. Then, [1,b'] L n L dyn is strictly quasi-
hyperbolic over S(v/dy) = F(\/di,...,+/ds). Hence, we get by Theorem 6.1

[1,0] LnLdn~ Z(l,dl>b ®v LnLdn

=1

for suitable vy, - - -, 75 € W,(F). In particular, we have

(7.7) ([1,6'] Ly Ldin)s ~{(1,d1)y @y L n Ldn

Case 2. Suppose iy (([1,0'] L n L din)s) = 0. Then, [1,0'] L n L dyn is anisotropic over
S and becomes quasi-hyperbolic over M. Hence, by the quartic case (Step 1 in the proof of
Proposition 5.2), we get

(7.8) ([1,V] L Ldin)s ~ <<Oé, Oézdl]] LnLdn,

where o € Dg(n L din). Obviously, a € Dg(n L din) implies « € Dp(m @ 1).
To summarize, in every situation (equations (7.6), (7.7) and (7.8)), we have:

(7.9) ([LY]LnLdin)s~ (G LnLdmn)s,

where G € Np(d;) or G = ({a, &*dy]] such that & € Dp(7m ®@ 1) C Dp(m @ ql(p)).
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We add to equation (7.9) the form ), ; ([ 2t i g2 f{“d'f(t’lHQtﬂz]), and
complete the quasilinear part to get:

(1.10) ([1.1] L7 ®n)s~ (Z[ B L L meﬁ
i€l s
Recall that w;g, u;; € Dp(m ® 1) and the exponent €’ of K/ L is equal to e — 1 or e. Now we

discuss on each integer ¢ that appears in equation (7.10) to get the desired generators over F:

(a) Suppose t + 1 < e. This happens when t < ¢ — 2 or ¢ = e — 1. Obviously, for
all | = 2,...,s, we have 0 < 2k(¢,1) < 2.2 = 2! and the condition max{1,2/~"*1}
divides k(t,[) implies that max{1, 2¢+)=+11 divides 2.k(t,1). Moreover, k(t,1) < 2! <
21 and k(t,1) + 28 < 28 + 28 = 2!l So in this case, we add to (7.10) the form
wio[1,u ™ AV B2 1 g (1, w2 @D 521 1o get the generators <<uz0, uy"™ lf(t’l)BQH and

gt+1 k(t1+2t 2
<<u117u11 /8

(b) Suppose t+1 = e. Recall that e = n;. Since by induction hypothesis max{1, 2t~ (m—=D+11
divides k(t, 1), then k(t, 1) is even. Hence, we get the following isometries over F':
t+1 k(t,1 toak(t,1)/2
(L dy V%) o [L o)),
t+1 k(t, t t o(k(t, t—1
[Lu?l dl(t R 52] = [Lufldg (L0722 Al.

We have by induction hypothesis 0 < k(,1) < 2¢ and max{1, 2=} divides k(t, 1) for all
2 <[ < s. Obviously, we have max{1, 27" "1} divides k(¢,1)/2 and 0 < k(¢,1)/2 + 2171 <
2'. So in this case, we add to (7.10) the form u;[1, thdf(t’l)/Qﬁ] L oupll, f{dgk(t’l)/z)+2t715] to
get the generators <<uz0, u2 ¥ 1)/2/8” and <<uzl, w2 qrD/2H2 16”.

Moreover, T ®n is quasi-hyperbolic over S because i4(7s) = 2° — 2. Hence, after recovering
the generators as explained in (a) and (b), we apply Theorem 6.1 to equation (7.10) to get:

(7.11) (Lo Lren~pr Les LTn®n,

for some ¢, € ML(ny, dy, -+, ns, ds; 0) and oo € Np(dy, - -+, ds).

We apply Corollary 2.8 to (7.11) to eliminate the form d; ((ds, - - -, ds)) ®n in both sides, and
get in the right hand side a form in NVz(d;). So the new quasilinear part is ({dy, -, ds)) ® 1.
Again we eliminate the form ds ((ds,---,ds)) ® n and get in the right hand side a form in
NFE(ds). Step by step we continue this process until we reduce the quasilinear part to 1. Now
adding in both sides of (7.11) the form 7, we recover the quasilinear part ql(). This ends the
proof of the proposition. U

Now we give the proof of Theorem 7.1 which is an adaptation of that of Theorem 5.1.

Proof of Theorem 7.1. Let ¢ = R L ql(¢) be an anisotropic semisingular quadratic form over
F. The two conditions given in Theorem 7.1 imply that ¢ is strictly quasi-hyperbolic over K.
Conversely, suppose that ¢ is strictly quasi-hyperbolic. Since ql(¢) is quasi-hyperbolic,

it follows from Corollary 3.2 that 7 ® ql(¢) is quasi-hyperbolic. Let us write R = [aq, 0] L
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... L [a,,b,] for some a;, b; € F*. We proceed by induction on dim R. Since iy (¢)x = r, we

have

o ~rxH L ql(p)k.
Adding (as, as, ..., a,) to this equation, and canceling the hyperbolic planes, we get:
(7.12) la1,b1] L (ag,as,...,a,) 5 L dl(@)x @ H L (az,as,...,a:) 5 L ql(e)k.

Let ¢ be a subform of (as, as, ..., a,) L ql(p) such that

(SK = (<a’27 as, . .. 7a’T>K 1 ql((p>K)an ’

Let 0’ be a form such that (as, as,...,a,) L ql(p) ~ 6 L ¢’. Canceling the zero form in
(7.12), we obtain ([a1,b1] L §)x ~ H L Jdg. This implies that ¢ := [ay,b1] L § L dyd is
strictly quasi-hyperbolic over /.

Case 1. If © is anisotropic, then applying Proposition 7.2 yields:

(713) & ~ algpl J_ QOQ J_ <1,d1> ® 5,

where ¢; € M% (ny,dy, -, ns,ds) and g € Np(dy,---,ds). Since (1,d1) ® 6 C (1,d;) ®
({ag, . ..,a.) L ql(p)), we obtain

(7.14)
[a1,b1] L (1,dy) ® ({ag,...,a.) L ql(p)) ~arpr L s L (1,d1) ® ({ag,...,a,) L ql(p)).

We apply Corollary 2.8 to eliminate the form d; ({as, ..., a,) L ql(¢)) in both sides of (7.14),
and get a new form ¢, € Np(dy, -, d;) such that

(7.15) [al, bl] 1 <a2, e 7CL7“> 1 ql(go) ~ aypp L 90/2 1 <a2, . >ar> 1 ql(gp).

We use Lemma 2.6 on equation (7.15) by completing (as,as,...,a,) on left side with
[ag,bo] L ... L [an,b,], we get

(7.16) o~ aypr Loy L ag, o] L ... L [a,, 2] L ql(p),

for suitable scalars zo,...,2, € F. Since g is strictly quasi-hyperbolic, it follows from
equation (7.16) that ¢’ := [ag,z5] L ... L [a,,z,] L gl(p) is also strictly quasi-hyperbolic
over K. We conclude by induction because the nonsingular part of ¢/, is of dimension < 2r-.

Case 2. If ¢ is isotropic, then iy (¢) = 1 because (1, d;) ® J is anisotropic over I as 6 /z;) is
anisotropic. Then, we have

[al,bl] 1 <]_,d1> (024 O~H L <]_,d1> X 0.

Hence, we are in the condition of equation (7.13) with ¢, and ¢, hyperbolic, and thus we

conclude as in the first case. This proves the theorem.
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8. ISOTROPY OVER PURELY INSEPARABLE MODULAR EXTENSIONS

Throughout this section, we let K = F( *\/dy,- -, *V/d,) a purely inseparable modular ex-
tension of F" as in Section 3. Let 7 be the anisotropic quasi-Pfister form ({(d;, - - -, d)) attached
to /(, and let e be the exponent of K.

Our aim 1is to apply Theorem 7.1 to classify semisingular F-quadratic forms that become
isotropic or more generally having a given Witt index over K.

8.1. Maximality of Witt index over K. We first give a preliminary lemma.

Lemma 8.1. Let ¢ = R L ql(¢) be a semingular F-quadratic form. Suppose that ¢ has
maximal Witt index over K. Then, the form (R L © ® ql(¥))an is strictly quasi-hyperbolic over
K.

Proof. By the roundness of 7, there exists a totally singular form S over F' such that (7 ®
ql(p))an >~ ™ ® S. Note that Sk is anisotropic because ™ ® S is anisotropic (Theorem 3.1).
Let [ = ig(m ® ql(¢)) and dim R = 2r. By the uniqueness of the quasilinear part, we have

(RLaq(p))en =R L7258

for some nonsingular form R’ of dimension 27’ < 2r. Hence
(8.1) RlI7T@d(p)~R L7®S LI1x{0).
Moreover, we have

(R L al(e)x ~ dl(e)x,
and

(m®@al(e))x ~ Sk L (I+(2° —1)dim S) x (0).

Thus, extending equation (8.1) to K yields
(8.2) Sk L (1+(2°=1)dimS) x (0) ~ (R L S)x L (I+(2°—1)dim S) x (0).

Since Sk is anisotropic, the form (R’ L ) is nondefective. Using Witt cancellation (Propo-
sition 2.4), we deduce from equation (8.2) the equivalence (R’ 1 S)x ~ Sk. Hence

(R/ LW@S)KNSK 1 (28— 1)d1mS X <0>
Consequently, (R’ L m ® S) is strictly quasi-hyperbolic, as desired. O

The following corollary classifies semisingular quadratic forms that have maximal Witt index
over K.

Corollary 8.2. Let ¢ be an anisotropic semisingular F'-quadratic form. Suppose that ¢ has
maximal Witt index over K. Then,

o~ 1 L Lal(y),

where o1 € Mp(ni,dy, - ,ng, ds) and oo € Np(dy,-- -, dy).
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Proof. Letus write o = R L ql(y). Since ¢ has maximal Witt index, it follows from Lemma
8.1 that (R L 7 ® ql())an is strictly quasi-hyperbolic over K. Theorem 7.1 implies

(8.3) RLr®@dql(e) ~e1 Ly L7@dal(p),

where ©1 € Mp(ny,dy, -+, n,, ds) and oy € Np(dy, -+, dy).

By Corollary 2.8, we successively eliminate in equation (8.3) the forms d; ((da, - -,d;)) ®
al(e), da ({ds, - ,ds)) @ ql(e),---,dsql(p), and we obtain in the right hand side forms in
Nr(dy), Ne(dy), - -+, Np(ds). Hence, after this process, we recover the initial quasilinear part
ql(¢p). This proves the corollary. O

8.2. On the isotropy over K. Let L = F( " \/dy,---, > V/d,) and a; = *""+/d; for all
1 <i<s(notethat L = F whene =1). Let J = {(e1, - -,6,) € N° | 0 < ¢; <271 — 1},

Forany e = (e1,---,€5) € J,leta® = af" ---af.

Notation. To any a,b € L suchthat0 # a = ) z.af and z. € F, we attach the quadratic form

ecJ
e—1
breac\?
1)(3:@) ]
a

Here ) * means that the sum is taken over all € for which x. is nonzero. Clearly, the form G(a, b)

G(a,b) in IZ(F) given as follows:

Ga,b) =) (1,2, ®

ecJ

is defined over I because L2 C F. A property satisfied by the forms G/(a, b) is given by the
following lemma:

Lemma 8.3. We keep the same notations as before. Then, we have the following equivalence:

G(a, b)K 1 [1, b]K ~ a[l,b]K

Proof. We have o € K? for all ¢ € J because a; € K2 forall 1 < i < s. Moreover,
[1,2] ~ [1,2?] for any x € K. Hence, we get

G(a,b)g = (Z (1,z),®

ecJ

(2(1,x5a6>b® {1, b”“”;O‘ED |

ecJ

12

It follows from Lemma 4.7 that G(a,b)x ~ (1,a), ® [1,b]x. Hence, G(a,b)x L [1,b]x ~
a[l,b]]( [l

Our result on the isotropy of semisingular F’-quadratic form over K is the following:

Theorem 8.4. Let K and L as before, and ¢ a semisingular quadratic form over F' whose

nonsingular part is of dimension 2r. Then, the following statements are equivalent:
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(1) iw(px) = m.
(2) There exist ay, - -+, p_p, b1, -+, by_p, € L such that a; # 0 forall1 < j <r —m and

T—m

pror Lgn LY ([1,67] L Glay, b)) Ldl(y),

j=1

where ®1 - MF<TL1, dl, e, N, ds) and ©2 S NF(dl, s ,ds).
Proof. Suppose that iy (@) > m. Then, we have
(8.4) o ~mxH La[Lb] L...Lam[Lb_nl Lql(e)x

where a;,b; € K and a; # 0. Since K/L is excellent (Theorem 2.12), we may suppose
aj,b; € Lforall 1 <j <r—m. Adding > >_1"[1, b;] to both sides of equation (8.4), we get:

o LY [Lblk ~mxH LY (1,a;),®[1,b]k L ql(e)x
=1 j=1
We write a; = Y,z .0 forz;. € F,0 < j <r —m. We expand the form (1, a;), ® [1, ;]
according to Lemma 4.7 to get:

r—m r—m bx;.af
J=1 K

j=1 eGJ J

!

where the notation ) _ in the double sum means that the sum is taken over all j and € for which
;. is nonzero. Since o € K% and [1, x] ~ [1, 2%], we can express equation (8.5) as follows:

(90 L Z ( 1,07 L G(aj,bj))> ~ ql(p)x

K

Notice that b € F since L*** C F. Hence, the F-quadratic form ¢ L UL 1
G(a;, b;) has maximal Witt index over K. Using Corollary 8.2, we get

(5.6) 7l Z (1L87) L Glazsb))) ~ o1 L o2 Lal(y)

for o1 € Mp(ny,dy, -, n, d,) and o3 € Np(dy, - -+, ds).

Conversely, let ¢ be a semisingular quadratic form as in equation (8.6) whose nonsingular
part is of dimension 2r. Extending scalars to K, and using Lemma (8.3) with the isometry
[1,6%7] == [1,b;], we get @i ~ 1" a;[1,b;] L ql(y). Hence, iw (o) > m. O

9. SIMILAR RESULTS ON FUNCTION FIELDS OF SOME IRREDUCIBLE POLYNOMIALS

In this section, we are interested in studying the quasi-hyperbolicity of semisingular quadratic

forms over different field extensions.
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9.1. On quasi-hyperbolicity over function fields of quadrics. Our aim is to extend some
results from [11] to the setting of semisingular quadratic forms. Let us first fix few terminologies
to be useful for our results.

We define SQ(F') to be the set of isometry classes of semisingular quadratic forms over F'.
This is a semi-group with respect to the orthogonal sum. To any field extension K of F', we
attach its Witt kernel W, (K /F), i.e. the group of nonsingular F-quadratic forms that become
hyperbolic over K. Similarly, let SQ(K/F) be the set of semisingular F’-quadratic forms that
become strictly quasi-hyperbolic over K.

Definition 9.1. Let K/ F be a field extension, and I a nonempty subset of N.
(1) SQ(K/F) is called an I-Pfister set if any quadratic form in SQ(K/F) is Witt-
equivalent to a quadratic form whose nonsingular part is a sum of forms in GP,,(F) N
W, (K/F) for suitable n; € I.
(2) SQ(K/F) is called a strong I-Pfister set if any anisotropic quadratic form in SQ(K/F)
is isometric to a quadratic form whose nonsingular part is a sum of forms in GP,,(F')N

W,(K/F) for suitable n; € I.

Note that when K = F'(¢)) for an anisotropic quadratic form ¢ and SQ(K/F') # (), then 1) is
totally singular (Proposition 2.3). Moreover, for simplicity, we talk about n-Pfister set (strong
n-Pfister set) in the particular case I = {n}.

Our aim is to extend some results of the first author from the setting of nonsingular qua-
dratic forms to semisingular quadratic forms. The proofs follow on the same lines as in [11,
Proposition 3.9, Theorem 1.5]. Our main result in this sense is the following theorem:

Theorem 9.2. Let 1) be an anisotropic totally singular quadratic form over F' of dimension
greater than 3, and let i)' be a form dominated by 1 such that dimvy = dimvy’ + 1 and
SQ(F(Y')/F) is a strong m-Pfister set. Then, SQ(F(¢)/F) is an {m,m + 1}-Pfister set.

To prove this result we need some facts. Let ¢/ be a nonzero totally singular /'-quadratic form.
The norm field of ¢ is the field Np (1)) := F?(af | o, 8 € Dp(v))). We have [Np (1) : F?] = 24
for some integer d > 1, and thus there exist zy, - - -, 4 € F such that Ng(¢)) = F?(xq, -+, x4).
The quasi-Pfister form m, := ((x1,...,24)) is anisotropic and uniquely determined by 1.
Moreover, we have aip) C my for any scalar « € Dp(v), and 7y, is the quasi-Pfister form
of smallest dimension satisfying this property (see [6, Section 8] for more details). The follow-
ing result deals with the quasi-hyperbolicity over function fields of totally singular quadratic
forms.

Theorem 9.3. ([10, Theorem 1.5]) Let @ and 1) be anisotropic totally singular quadratic forms
over F. Then, ¢ is quasi-hyperbolic over F () iff ¢ ~ m, @ p for some totally singular
F-quadratic form p.

Moreover, we need a generalization of the domination theorem to the setting of semisingular

quadratic forms.
28



Proposition 9.4. ([14, Prop. 1.3]) Let ¢ = R’ L ql(p) be an anisotropic semisingular F-
quadratic form. Let 1) be an anisotropic totally singular quadratic form such that opy) is
quasi-hyperbolic. Then, for any o« € Dp(¢), 5 € Dp(R') and v € Dp(ql(y)), there exists a
nonsingular quadratic form R such that p ~ R 1 ql(p), ¥ < afR and ¥ < ayql(yp).

Recall that if 1) and ¢ are two anisotropic quadratic forms over F such that 1)z, is isotropic,
then W, (F(¢)/F) C W,(F(¢')/F) [11, Prop. 3.9]. This result remains true for the semi-group
SQ(F) as the following proposition shows.

Proposition 9.5. Let ) and 1) be anisotropic totally singular forms over F' such that 1y is
isotropic. Then SQ(F(v)/F) C SQ(F () /F).

Proof. Suppose SQ(F(¢)/F) # 0 and let n € SQ(F(¢)/F) be anisotropic. We will prove
that 7 belongs to SQ(F'(¢)")/F') using an induction on dim 7. By Proposition 9.4, there exists a
nonsingular F-quadratic form R such that n ~ R | ql(n) and ¢ is weakly dominated by R and
al(n). Since ¢p(y) is isotropic, it follows that Ry, is also isotropic. In particular, we have
iw (nrey) > 1. Hence, the extension F'(¢')(n)/F(1)') is purely transcendental [3, Proposition
22.9]. We discuss two cases:

Case 1. Suppose i (1p@) = dh;”, ie, npp = Y28 x H L gl(n)ru,. Extending this
isometry to F'(n)(v'), we get:

dim R
9.1) NEm ') = 5 x H L ql(n) pep p)-

We claim that that gl(n) g,y is quasi-hyperbolic. In fact, since 7p(y) is quasi-hyperbolic, the
form ql(n) p(y) is quasi-hyperbolic. By Theorem 9.3, we get ql(n) ~ 7y ® p, where 7, is the
quasi-Pfister form associated to ¢, and p is a suitable totally singular form. Since, ¥ gy is
isotropic and ) is similar to a subform of 7, it follows that (7T¢) F(y) 18 also isotropic. Thus,
(my) p(yry is quasi-hyperbolic [6, Corollary 8.14]. Consequently, ql(n) is quasi-hyperbolic over
F(4"), in particular ql(n) is quasi-hyperbolic over F'(n)(¢'). Hence, equation (9.1) yields the
quasi-hyperbolicity of g . Now since F'(¢')(n)/F (') is a purely transcendental exten-
sion, the form 7 is quasi-hyperbolic over F'(¢/').

Case 2. Suppose iy (1r(;)) di%. Let 71 := (Np(y))an- The form vp(, is anisotropic
because 1 is totally singular and 7 is not totally singular [13, Cor. 3.1]. Moreover, the form
(M) () (w) 1s quasi-hyperbolic because 1, ~ 1p(,;) and 7p(y) is quasi-hyperbolic. Since 1) p () )
is isotropic, we deduce by induction that (71)p(;) ) iS quasi-hyperbolic. Since F'(n)(y') =
F(¢')(n) and the extension F'(¢)(n)/F(¢') is purely transcendental extension, the form 1y

is quasi-hyperbolic. Hence, in both cases we have n € SQ(F(¢")/F), as desired. O

As an immediate consequence we get the following corollary:

Corollary 9.6. Let m be an anisotropic quasi-Pfister form and 1) a quasi-Pfister neighbor of .

Then, SQ(F(x)/F) = SQ(F()/F).

Proof. Since 1 is a quasi-Pfister form of 7, it follows that 7 () and ¢ () are isotropic [6, Prop.

8.9(ii1)]. Then, the corollary follows from Proposition 9.5. U
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Now we are able to prove Theorem 9.2.

Proof of Theorem 9.2. Let 1) and ¢/’ be anisotropic totally singular quadratic form over F such
that dim > 3, ¢’ is dominated ¢) and dim ¢) = dim ¢}’ 4+ 1. Suppose that SQ(F'(¢')/F) is a
strong m-Pfister set. We have to prove that SQ(F(¢)/F) is an {m, m + 1}-Pfister set.

Let n € SQ(F(¢)/F) be anisotropic and write n = R L ql(n). We proceed by induction on
dim R. By Proposition 9.5, n € SQ(F(¢')/F') and by assumption n ~L17_, n; L ql(n), where
ni € GP,(F)NW,(F(¢')/F) forall 1 <i < r. After scaling, we may assume that ¢/’ and 7,
represent 1, and thus ¢’ < n;. Puty =17_, n; L ql(n).

If 91 € Wy(F()/F), then vp(y) is quasi-hyperbolic and we are done by induction. So we
assume that n; ¢ W,(F()/F'), which is equivalent to saying that 7, is anisotropic over F'(v),
and thus in particular 7; does not dominate ).

Since 7; dominates 1’ but not 1), it follows that i;(¢) L ;) = dim )’ [6, Corollary 3.13].
Note thati,(¢) L 1y) = iw (¢ L 1) because 7 is nonsingular and ¢ is anisotropic. If o denotes
the anisotropic part of ¢/ L 7, then

Yv.1lm~oluxH

with © = dim v,
By our choice, 7 is quasi-hyperbolic over F'(1)), and since both 7 and 1 represent 1, we have
n dominates v by Proposition 9.4. Hence, i;(¢) L 1) = dim¢ = dim ¢’ + 1. Therefore,

v In~oc L~y L uxH.

Comparing the total Witt index on both sides shows that o L + is isotropic, so there exists
x € Dp(0) N Dg(7) since o and +y are anisotropic.

Now consider 7 ~ 1; L xn;. This form is anisotropic because 7; L (z), which is a Pfister
neighbor of 7, is dominated by 7. Then,

Y .1lrm~olaxp LuxH

Note that 0 L zp; is isotropic. Hence, i;(¢) L m) > u + 1 = dim1), and thus 7 dominates
[6, Corollary 3.13]. Consequently, m € P,,.1(F) N W, (F(¢)/F).

Now let " be the anisotropic part of 7 L 7. We have both 1 and = dominate p; L (x), so
ir(n L ) >dim(p; L (x)) = 2™+ 1. Since ql(n) is anisotropic, we have i;(n L 7) = iy (n L
7). Thus, dim7’ < dimn + dim7 — 2(2™ 4 1) < dim7. Moreover ' € SQ(F'(¢))/F), thus
we conclude by induction. O

We finish this section by some computations of SQ(F(¢))/F). The first one concerns the
case where 1 is a quasi-Pfister neighbor, it extends [11, Theorem 1.4].

Proposition 9.7. Let ) be an anisotropic quasi-Pfister neighbor of a quasi-Pfister form
({(ay,- -, a,)) over F. Then, any anisotropic form in SQ(F(¢)/F) is isometric to B® R L
T ® p for suitable nonsingular form R and a totally singular form p, where B = ((a1,- - -, ay)),.
In particular, SQ(F (¢)/F) is a strong (n + 1)-Pfister set.

Proof. Letm = ((ai,---,a,)) and B = ({ai,- - -, a,)),. Let J be the set of n-tuples (e, - -, €,)
such that e; € {0,1} forall 1 < i < n. Forany € = (e1,---,¢,) € J, we leta. = af* ...a5".

Then, 7 =1 ¢ {(ac).
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We may suppose 1 € Dp(R). Since ¢p(r) is quasi-hyperbolic, the form ql(p) () is also
quasi-hyperbolic. It follows from Theorem 9.3 that ql(¢) ~ 7 ® p for some totally singular
form p. Moreover, by [14, Proposition 1.3], we get

(9.2) o~lcyall,b] L R Lql(p),

for some scalars b, € F* for all ¢ € J, and a nonsingular form R’. Consequently, equation (9.2)
can be re-written as follows

el (2"—=1)xH~B®|[1,b] L R" L ql(p),

where R = R L (Lecnfo} @e[l,bo + b)) and 0 = (0,0,---,0) is the zero tuple. Since
dim R” = dim R — 2 and the form R” L ql(¢) is quasi-hyperbolic over F'(), we conclude by
induction on the nonsingular part that

¢ ~B®yLdqlp)

for some nonsingular form ~.

Moreover, by the roundness of B (see the subsection 2.2), we may suppose that B ® -y is
anisotropic. We also choose 7 of minimal dimension for the property that p ~ B ® v L ql(y).
Then, we get ¢ ~ B ® 7y L ql(p), otherwise there would exist z € Dr(B ® ) N Dp(ql(p)).
Using the roundness of B and 7, we would get B® v ~ B ® ([x,y] L +) and ql(p) =~
7 ® ({x) L p) for some y € F and forms +' and p/. Hence, p ~ B ® " L ql(p) since
B® [z,y] L 7 ® (x) ~ 7 ® (x), a contradiction to the choice of 7. O

As a corollary we get an analogue of [11, Cor. 6.3] for semisingular quadratic forms:

Corollary 9.8. Let 1 be an anisotropic totally singular form of dimension n such that 2 < n <
4. Then, we have:

(1) SQ(F(¢)/F) is a strong 2-Pfister set for n = 2.

(2) SQ(F(v)/ F) is a strong 3-Pfister set forn = 3 or (n = 4 and ) is similar to a quasi-Pfister
form).

(3) SQ(F(¢)/F) is a {3,4}-Pfister set for n = 4 but 1) not similar to a quasi-Pfister form.

Proof. The statements (1) and (2) are a consequence of Proposition 9.7. For (3), we take ¢’ a
subform of ¢ of dimension 3. Since SQ(F'(¢)')/F) is a strong 3-Pfister set, then SQ(F (¢)/F)
is a {3, 4}-Pfister set by Theorem 9.2. O

9.2. Quasi-hyperbolicity over other field extensions. We now consider the problem that con-
sists in giving conditions under which an anisotropic semisingular quadratic form ¢ represents
an inseparable polynomial p € F'|xy, ..., xz,]. The case of p given by a totally singular quadratic
form is answered by Cassels-Pfister subform theorem. Namely, if an anisotropic quadratic form
¢ represents an irreducible polynomial a;z3 + - -+ + a,22 € F[zy, -, x,), then {ay, -, a,)
is dominated by . We wish to give a similar criteria for certain polynomials of total degree 4.
The first case we study concerns the polynomial a;22 + asz2 + ... + a,z2 + x* for which we

have the following characterization:
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Proposition 9.9. Let p be an anisotropic semisingular F-quadratic form that represents the
polynomial a,x% + axx3 + ... + a,2® + o and the form (1,ay, ..., a,) is anisotropic. Then,
we have:

(1,a1,a9,...,0,_1,0,) < .

Proof. We proceed by induction on n.

Step 1. Suppose n = 1. The form ¢ represents a2 + x?, i.e., there exists v € V (x, x;) such
that p(v) = a;z? + x*. By Theorem 4.1 on V(z), we may assume v € V(z)[z;]. Since ¢
is anisotropic, we may write v = vy + vz such that vg,v; € V(x). Then, p(v) = p(vg) +
B (vg,v1)x1 + ¢(v1)x?. So we have the following relations:

o o(vg) = 2,

e p(v1) =,

e B,(vg,v1) = 0.
We may suppose v; € V, in fact we have two cases:
(i) If a1 € Dp(ql(g)), then there exists v; € Rad(yp) such that ¢(v]) = a;. Since the condition
By (vg,v]) = 0 is satisfied, we may replace v; by v.
(ii) If ay &€ Dp(ql(y)). Then, the condition a1 = ¢(v1) € Dp(y)(¢) implies the existence of
a vector v{ € V such that p(v]) = a;. Since vy, v] ¢ Rad(p), we apply the Witt extension
theorem (Theorem 4.3) to the spaces W := F(z)v; and W’ := F(x)v} and the isometry
a: W — W’ given by a(vy) = vf, to get an isometry of ¢ sending v; to v{. Hence, after
replacing if necessary v; by v, we may suppose v; € V.
Now by Proposition 4.2, we may suppose vy € V[z]. Since  is anisotropic, we write vy =
wo + w1 + wex? for wy, wy, we € V. Then, w; L v; foralli € {1, 2,3}. Moreover, we have

p(vo) = xt
4

= p(wp) + By(wo, w1)x + p(wy)x* + By(wg, we)z® + B, (wy, we)x® + p(wg)x*
This gives us the following relations:

o p(wy) =1,

e p(w1) + By(wo, w2) =0,

® p(wy) = By(wo, wr) = By(wy, wz) = 0.
Here, ¢(wy) = 0 implies wy = 0 since ¢ is anisotropic. Thus, B, (wg, ws) = p(w;) = 0.
Again, w; = 0 because ¢ is anisotropic. So, we have (1, a;) < .

Step 2. Suppose n > 2 and ¢ represents a;2? + apx3 + ... + a,x2 + z*. By Theorem 4.1,
there exist v € V(x, x1,...,x,_1)[z,] such that

0(v) = a127 + axxs + ... + a2 + 2.
Let us write v = vy + v, T, Where vy, v, € V(x,21,...,2,-1). Then, p(v) = @(vo) +
B, (vo, vn) T, + ¢(v,)2%. So we have the following relations over L := F(z,x1, -+, Z-1):
o o(vg) = a12? + asri + ...+ a,_ 123 + 2t
e p(vn) = an,

e B,(vg,v,) = 0.
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As explained in Step 1 we may reduce to the case where v, € V. Let (Fuv,)* be the or-
thogonal of the space F'v,, with respect to the polar form B, of ¢. Moreover, the previous
condition By, (v, v,) = 0 implies that vy € (Fv,)" @p L. Now working with the form
©|(Fv,)+» we get by induction from the relation ¢ (v) = 127+ agx3 +. .. +ap_12)_| + 2 that
(1,a1,az,...,an-1) < ©|(py,)L. We already have (a,) < ¢|p.,. Since the form (1, a4, .., an)
is anisotropic we get (1,aq, a9, ..., Gn_1,0n) < ©. O

Likewise we give similar criteria for the polynomials a; 2% + asz3 + . . . +a,22 + 2 +az? +b

(resp. a1x? + asxd + ... + a,x? + a2t 4+ b).

Proposition 9.10. Let ¢ be an anisotropic semisingular F-quadratic form that represents the
polynomial ayz? + asx3 + ... + a,z? + z* + ax® + b and the form (1,ay,...,a,,a,b) is
anisotropic. Then, one of the following quadratic forms is dominated by p:

(1) (1,a1,as,...,a,,a,b).

(2) [1,ba™2] L {ay,as,...,a,).

(3) [1;a+ a;b] L {ay,aq,...,a,) L {a), where « € F* such that a + o # 0.

(4) [1;a + a1p? + agp3 + ... + a,p;b] L {(ay,as,...,a,), where p; € F such that a +

arp? + agp3 + ...+ ayp? # 0.

Proof. We proceed by induction on n.

Step 1. Suppose n = 1. The form ¢ represents a;z? + z* + ax? + b, i.e., there exists v €
V(x,z;) such that p(v) = ayz? + 2* + ax? + b. By Theorem 4.1 on V(z), we may assume
v € V(x)[x]. Letv = vy + v121, Where vy, v1 € V(). Then, p(v) = p(vo) + By (v, v1)z1 +
©(v1)z2. So we have the following relations:

o o(vg) =zt + ax® + b,

* o(v1) = as,

e B,(vp,v1) = 0.
We may suppose v; € V, as explained in in Step 1 of the proof of Proposition 9.9. Now, by
Proposition 4.2, we may suppose vy € V'[x]. Since ¢ is anisotropic, we write vy = wy + wy T +
wyz? for wy, wy, wy € V. Then, w; L v, forall i € {1, 2,3}. Moreover, we have

o) = z*+az’+b
= p(wo) + By(wo, w1)z + p(wi)2? + By(wo, wa)a® + By(wy, ws)a® + p(wz) ™.
This gives us the following relations:

o p(wy) =1,

p(wo) =,

p(w1) + By (wo, w2) = a,

By (wp,wy) = By(wy,ws) = 0.

Case 1. Suppose B, (wy, wz) = 0. Thus, we have (1, a1, a,b) < ¢.

Case 2. Suppose B, (wg, ws) # 0 and ¢(w;) = 0. Then, w; = 0 because ¢ is anisotropic.
Consequently, we are reduced to the relations p(w;) = 1, p(wy) = b and B, (wo, ws2) = a. It

follows that [1;a;b] L {(a;) ~ [1,ba2] L {a1) < .
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Case 3. Suppose B, (wg, w2) # 0 and ¢(w;) # 0. Let ¢(w;) = a. We might have a; = «
mod F*2, in which case we have the following:

[1;a + aypf; b L {a)) < @,

for some p; € F*. If a; # o mod F*2, then we have the following:
[La+a;b] L (a,a1) < .

Thus, all the cases are in accordance with our claim.

Step 2. Suppose n > 2 and ¢ represents a; 73 + asr3+ . . . +a,x2 +z* +azx®+b. By Theorem
4.1, there exist v € V(z, 1, ..., Ty—_1)[z,) such that

‘P(U> = CLlfL‘f + azl‘g + ... —|—6Lnxi a2t rax? b,

Let us write v = vy + v, T, Where vg,v, € V(x,21,...,2,-1). Then, p(v) = @(vo) +
B, (vo, vn) T, + ¢(v,)2%. So we have the following relations over L := F(z,x1, -+, Zp_1):

o o(vg) = a12? + asxi + ...+ a,_ 122 |+ 2t +ax? +0,

. @(Un) = Qnp,

e B,(vg,v,) = 0.
As explained in Step 1 of the proof of Proposition 9.9, we may reduce to the case where v,, €
V. Let (Fv,)* be the orthogonal of the space Fv, with respect to the polar form B, of .
Moreover, the previous condition B, (v, v,,) = 0 implies that vy € (F'v,)" @ L. Now working
with the form |, )+, we get by induction from the relation ¢(vg) = a1@} + agx3 + ... +
an_172_; + 2% + ax?® + b that one of the following conditions is satisfied:

(@) (1,a1,a2,...,00-1,0,0) < |y,

(b) [1,ba™?] L (a1, az,. .., an-1) < @|(Fo,)--

(© [La+a;b] L {a1,aq,...,an-1) L (@) < @|(py,)r, Where o € ™ such that a + o # 0.

(d) [Lia+apt +aops+ ...+ an_1pi_1:b] L (a1, a0, .., an—1) < @|(py, )+, where p; € F

such that a + a1p? + agp3 + ... + a,_1p2_; # 0.

We already have (a,) < ¢|r,,. If we are in the case (a), (b) or (d), then we get the case (1),
(2) or (4) of the proposition since the form (1, ay, ..., a,,a,b) is anisotropic. If we are in the
case (c¢) and the form (aj,as,...,a,) L (a) is anisotropic, then we get the case (3) of the
proposition, if not then o« € Dpg({ay,aq,...,a,-1,a,)), and thus we get the case (4) of the
proposition. U

Following the same proof as that of Proposition 9.10, we get the following result:

Proposition 9.11. Let ¢ be an anisotropic semisingular F-quadratic form that represents the
polynomial a;2% + axx3 + ... + a,22 + x* + b and the form (1,ay, ..., a,,b) is anisotropic.
Then, one of the following quadratic forms is dominated by p:

(1) (1,a1,as,...,a,,b).

(2) [1; ;0] L (ay,aq,...,a,) L (a), where v € F™.

(3) [L;a1pi+agpi+...+a,p?;b] L (a1, a9,...,a,), where p; € F such that ayp? + asp3 +

oot agp? #0.
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Before we state other results, we recall some facts: Let p € F[xq,---,z,] be a nonzero
polynomial. We write p = Z?Zl a;m; such that a; € F* and m; is amonomial forall 1 < <n.
We suppose my > my > --- > m,, with respect to the lexicographical ordering. The coefficient
ay 1s called the leading coefficient of p, and we say that p is normed when a; = 1. Let 7, be the
quasi-Pfister form associated to the field £ (ay, ..., a,), ie., 7, = ((a1,- -+, an)),,. With these
notations, we recall a result by Hoffmann which deals with the quasi-hyperbolciity of totally
singular quadratic form over the function field of p.

Theorem 9.12. ([4, Theorem 6.10]) Let () be an anisotropic totally singular form over F, and
p € Flxy,...,x,) be a normed irreducible polynomial. Then, the following statements are

equivalent:

(1) pisanormof @,
(2) Q is quasi-hyperbolic over F(p),
(3) p € Fla3,---,22] and Q is divisible by 7, i.e., there exists a totally singular form ~

such that Q) ~ 7, ® 7.

This result is more general that Proposition 3.3 that concerns the inseparable polynomials
¥ +d € Flzy].

Our next goal is to discuss the quasi-hyperbolicity of semisingular quadratic forms over the
function field of some irreducible polynomials and find the generator quadratic forms related
to these polynomials. The first that we state concerns the polynomial z* + ax? + b such that
(1, a,b) is anisotropic. This case was studied by Hoffmann and Sobiech in [7] for nonsingular
forms. We adapt here their proof to the setting of semisingular forms with a slightly different
argument, especially the use of the norm theorem. Moreover, reproducing this proof will help
us to treat the case of the polynomial x* + ay? + b (Proposition 9.14).

Proposition 9.13. Let o be an anisotropic semisingular F-quadratic form and p = x* + ax? +
b € Flz| an irreducible polynomial such that (1,a,b) is anisotropic. If ¢ is quasi-hyperbolic
over F(p), then ql(p) is divisible by ((a, b)), and p is Witt equivalent to a semisingular qua-

dratic form whose nonsingular part belongs to the W (F')-module generated by the forms:

(F1) [1,ba”?],
(F2) {{a,b(a + a)~?]] for some scalar o € F* such that a + o # 0,
(F3) ({a,b, || for some scalar ¢ € F.

In particular, SQ(F (p)/F) is an {1, 2, 3}-Pfister set.

Proof. Let us write ¢ = R L ql(p) for a nonsingular form R. Suppose that ¢ is quasi-
hyperbolic over F(p), where p = x* + az? + b € F|x] is an irreducible polynomial. Since
al(y) is quasi-hyperbolic over F'(p), it follows from Theorem 9.12 that ql(y) ~ ((a, b)) ® v for
a suitable totally singular form .

Without loss of generality, we may suppose 1 € Dg(R). We will proceed by induction on
dim R. Since ¢ is quasi-hyperbolic over F'(p), we get by Theorem 3.5

¢ =~ (2! + az® + b)p.
35



Hence, ¢ represents the polynomial 2% + ax? + b. Using the same argument an in Step 1 of the
proof of Proposition 9.10, we conclude that one of the following forms is dominated by :

o [1, baiQ].

e [1;a+ a;b] L (a), where o € F™* such that a + « # 0.

e (1,a,b).
Case 1. Suppose [1,ba"?] < . Then ,we get

@ ~ 1, ba_2] L Ry L ql(ep),

for a nonsingular form R; defined over F' of dimension dim R — 2. In this case, we get the
generator (F1) and we conclude by induction.

Case 2. Suppose [1,a + «, b] L () < . This means that we have one of the following cases:
e~ [liat+a;b] L Ry L (o) L Qs
~[Lbla+a)? Lal,bla+a)?] L Ry L ql(p),
or
o~ [l;a+a;b] L afl,8] L Ry L ql(y)
~[1,b(a+a)?] Lafl,bla+a)?] Lafl,bla+a)?+ 6] L Ry L ql(y),

for suitable nonsingular forms Ry, R3, and a totally singular form )2 such that ql(¢) ~ (a) L
(2. Thus, in both cases we are reduced to the following equation:

O~ <<a, bla+ a)_2H 1L R 1 ql(y),

for a nonsingular form R’ of dimension dim R — 2. In this case, we get the generator (F2) and
we conclude by induction.

Case 3. Suppose that (1,a,b) < ¢. Then, Corollary 2.7 implies that (1, a,b) is necessary
dominated by the nonsingular part of ¢ because ql(¢y) is divisible by ({a, b)).

Let o be a root of p in an algebraic extension of F and 3 = «?. Thus, §3 is a root of the
polynomial 2 + ax + b. Consider L := F(8) = F(a™'8) = F(p~'(a2b)). If iy, is isotropic,
then e[1, ba*Q] C ¢ for some scalar e € F* [2, Th. 4.2, page 121]. Thus, in this situation we
are reduced to Case 1.

Hence, we may suppose that o, is anisotropic. We have b = 3% + a3 over L, so (1, a,b) ~
(1,a,aB)L < wr. Hence, (1,a,B), < apr. Since ¢/ is quasi-hyperbolic (recall that
F(p) = L(v/B)), it follows from Corollary 4.6 that o, is divisible by (1,3). In particular,
agy, is also divisible by (1, 3). Now we are equipped to apply [7, Lemma 2.4]', which gives us
(1,a,p,aB) < apy. Inparticular, (1,a, 5,a83) < ¢r. Moreover, we have ((a, 5)); =~ ({a,b));.

In conclusion, we have ({(a,b)); < ¢, (1,a,b) < ¢ and ¢/, is anisotropic.

For the rest of the proof, we discuss two cases:

(3.2) Suppose ({a,b)) < . Then, by Corollary 2.7, ({(a, b)) is dominated by the nonsingular
part of . Hence, we can write:

¢ L3H ~ ((a,b,c]] L R" L ql(p),

I'This result remains true for semisingular quadratic forms as we can easily check.
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where ¢ € F and R’ a nonsingular form of dimension dim R — 2. In this case we get the
generator (F3) and we conclude by induction.

(3.b) Suppose ({a, b)) £ ¢. Since (1, a,b) < ¢ we have
(9.3) ¢ L {{a,b)) ~ 3H L ¢y,

where g := Ry L ({a,b)) L ql(y) is anisotropic. Recall that ({a, b)), < ¢, thus extending
(9.3) to L implies that (), is isotropic. Thus, ¢ =~ A[1,ba"2] L ¢; for a suitable anisotropic
singular form ¢ and a scalar A € F'*. We can re-write equation (9.3) as follows:

o L A[1,0a7?] L {{a,b)) ~5H L .

This implies that iy (¢ L A\[1,ba=2]) > 1, but since ¢y, is anisotropic iy (¢ L A[1,ba™?]) = 1.
Let ¢ = (¢ L A[1,ba2])4n,. Note that ¢ is quasi-hyperbolic over F'(p) and we also have the
following isometry:

Y LH L ({(a,b)) ~5H L ¢,

i.e., ({a,b)) < 1. Note that the nonsingular part of 1) is of dimension dim R. In this case, we
are reduced to one of the previous cases and we get the desired result by induction. 0

Now we give a similar criteria for irreducible polynomials z* + ay® + b € F[z, y].

Proposition 9.14. Let ¢ be an anisotropic semisingular F-quadratic form and p = x* + ay® +
b € F[z,y| an irreducible polynomial such that (1, a,b) is anisotropic. If ¢ is quasi-hyperbolic
over F(p), then ql(p) is divisible by ({(a, b)), and p is Witt equivalent to a semisingular qua-
dratic form whose nonsingular part belongs to the W (F')-module generated by the forms:

(G1) ({a,b, B]] for some scalar 5 € F,

(G2) {{a,b(ay*)"?]] for some v € F*.

(G3) {{a,a,b(a)~?]] for some scalar o € F*.

(G4) {{a,a + aB? ba~?]] for some o, B € F such that o # 0 and a + a3* # 0.

In particular, SQ(F(p)/F) is an {2, 3}-Pfister set.

Proof. Let us write ¢ = R L ql(¢) for a nonsingular form R. Let ' be the underlying vector
space of . Since ql(y) is quasi-hyperbolic over F'(p), it follows from Theorem 9.12 that
al(e) = ({a, b)) ® p for a totally singular form p.

We may suppose that 1 € Dgp(R). We will proceed by induction on dim R. Since ¢ is
quasi-hyperbolic over F'(p), it follows from Theorem 3.5 that

o ~ (z* + ay® + b)p.
Hence, there exists v € V(z,y) such that ¢(v) = x* + ay?® + b. With the help of Proposition
4.1, we can assume v € V' (z)[y]. Since ¢ is anisotropic, we may write v = vy + v1y such that
v, 11 € V(z). Then, we get o(v) = 2* + ay® + b = p(vg) + By(vo,v1)y + p(v1)y*. So we
have the following relations:
o o(vg) = z* + b,

e p(v1) = a,
L4 B@(U(),Ul) = 0.
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Using the Witt extension theorem (Theorem 4.3) and the same argument as in Step 1 of the
proof of Proposition 9.9, we may suppose v; € V. With the help of Theorem 4.1, we can
assume vy € V|[x]. Let wy, wy, wy € V be such that vy = wy + w1 + wyx?. Then

o(vg) = b+ b

= p(wy) + By(wo, wr)x + p(w1)a? + By (wo, we)az” + By(wr, we)a® + p(ws)z*

So we have the following relations:
o p(wy) =0,
o p(wy) =1,
p(wr) = By (wo, ws),
By, (wp,wy) = By(wy,ws) = 0.
Moreover the condition B,,(vy, v1) = 0 gives us B, (w;,v;) = 0 for all i € {0, 1, 2}.

Case 1. Suppose wy L ws, then p(w;) = 0 and thus w; = 0 because ¢ is anisotropic. In this
case, we are just reduced to the relations: p(wg) = b, ¢(wy) = 1, ¢(v;) = a and the vectors
v1, Wo, Wy are pairwise orthogonal. Hence, (1, a,b) < . Moreover, by Corollary 2.7, the form
(1, a,b) is necessary dominated by the nonsingular part of ¢.

We have F'(p) = F(u)(y/a='(u* + b)) such that u is an indeterminate over F. Hence,
©r@) is anisotropic. Let v = y/a~1(u? +b). Clearly, (1,a,av?) =~ (1,a,b) ), and thus
(1,a,av®) < @p(). Moreover, since p is a norm of pp(,.,), we get by a specialization argument
that or) =~ aprw). Hence, (1,a,v%) < ©rw). Moreover, the quasi-hyperbolicity of pr,)
implies that @y, is divisible by (1,v?) (Corollary 4.6). Now using [7, Lemma 2.4], we get
((a,v®)) < @r@). Moreover, ((a,b))p.y = ((a,v?)). Hence, ((a,b)) ) < @ra). Since
F(u)/F is purely transcendental, it follows that ((a,b)) < ¢. As in the subcase (3.a) in the
proof of Proposition 9.13, we obtain

© <<avb7 BH LR L ql(90)7
for some scalar 5 € F' and a nonsingular form R; of dimension < dim R. Thus, we get the

generator (G/) and we complete the proof by induction.

Case 2. Suppose wy [ wo, and let & := B, (wo, w2) = @(wy). In this case, we are just
reduced to the relations: p(wy) = b, p(wy) = 1, B,(wp, we) = o = @(wy), ¢(v1) = a and
B, (w;,v1) = 0forall i € {0,1,2}. We then have two scenarios:

(1) Suppose & = a mod F*2. Then, there exists v € F*? such that o« = a2, and the vectors
v; and w; are linearly dependent. Let W be the subspace of V' generated by wy, w; and ws.
Hence, p|w= [1;av%b] L (a) < ¢. Observe that a ¢ Dg(ql()) by Corollary 2.7, and thus

o~ [1,a7%b] L a[l,6] L Ry L ql(p),
for some scalar 6 € F' and a nonsingular form R, of dimension dim R — 4. Then
p ~ ({a,b(ay*)~*]] L Ry L al(p),

where R, = a[l,0 + b(ay?)"?] L R,. Hence, we get the generator (G2). Since dim R}, <

dim R, we conclude by induction.
38



(2) Suppose @ # a mod F*2. Then, wy, wy, wy and v; are linearly independent. In this case,
we have [1, o, b] L (a,a) < ¢. We consider two cases:

(2.a) Suppose D%((a, a)) N D%(ql(y)) = {0}. Then, the condition [1;a;b] L {(a,a) < ¢
implies the following

(9.4) o ~[1,ba™? La[l,k] Laf1,]] L Ry L ql(y),

for suitable £,/ € F' and a nonsingular form R; of dimension dim R — 6. We add a hyperbolic
plane to equation (9.4) to get:

(9.5) ¢ LH~ (1,a), @ [1,ba %] La[l,k+ba"? Lafl,l] L Ry L ql(p).

Recall that ¢ has ! + ay® + b as a norm over F'(z, y). In particular, substituting z to 0, we get
¢ ~ (ay* + b)y over F(y) [15, Proposition 5.3]. Moreover, the polynomial ay? + b is a norm
of (1,a), ® [1,ba?] as it is represented by this form. Hence, ay?® + b is also a norm of

¢ = (a[l,k+ba?] La[l,]] L Ry L ql(¢))an

In particular, o (ay?+b) is represented by ¢’ over F'(y). Using Theorem 4.1 as before, we deduce
that a (a,b) < ' (because ' is anisotropic). Note that D% (a (a, b)) N D%(ql(p)) = {0},
otherwise a would be represented by ql(y) as ((a,b)) divides ql(¢), and thus ¢ would be
isotropic. Hence, we get

(9.6) all,k+ba™? L all,l] L Ry L ql(e) ~aall,s;] Lball,sy] L Ry L ql(p)
for some scalars sq, s € F' and a nonsingular form R,. Consequently, we combine (9.6) with
(9.5) to get:
(9.7) o LH~(1,a), ®[1,ba™?] L aall,s;] L ba[l,sy] L Ry L ql(y),
Adding 2H to equation (9.7) yields:

¢ L 3H ~ (1,a), ® [1,ba"?] L aa[l,ba™?] L ba[l,ba?]

L aafl,s; +ba?] L bafl, sy +ba~?] L Ry L ql(e).
Since ba(l,ba?] ~ a[l,ba?], we get
o L 3H ~ <<a, a, boz_QH 1L RS L ql(p),

where R, = aa[l, s; +ba?] L ba(l, sy + ba™?] L R,. In this case we get the generator (G3)
and we conclude by induction as dim R, = dim R — 2.

(2.b) Suppose D% ({a, a))ND%(ql(p)) # {0}. Hence, with the condition [1; a; 0] L (o, a) <
¢, there exist e, f, g € F* such that (a, o) ~ (e, f) and
o~ [La;0] Lle,g] L Ry Ldlp),

where f € Dp(ql(¢)) and R, is a nonsingular form of dimension dim R — 4. Since a ¢
Dr(ql(¢)), we have a = ex? + fy? for suitable z,y € F and z # 0. Using the isometry
[r,s] L (t) ~[r+t,s] L (t), we may suppose e = a. Hence

(9.8) o LH~(1,a), ®[1,ba™] L a[l,ag+ba"? L Ry L ql(p).
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Since qgl(¢) is divisible by ((a,b)), the polynomial ay® + b is a norm of ql(¢)p(,). Conse-
quently, ql(¢)r(y) represents (ay® + b)f, and thus (af,bf) is a subform of gl(p). Note that
bf[1,ba™?] ~ f[1,ba~?]. Hence, equation (9.8) can be written as follows:

o L3H ~ (1,a), ® [1,ba"?] L f[1,ba™] L af[1,ba"?] L a[l,ag+ba"?] L Ry L ql(p).

Consequently, we get
v 1 3H ~ <<a, fs boz_2H 1 Ry L ql(p),

where Ry = a[l,ag + ba?] L R;. Moreover, modulo a square, we may suppose f = a + a3>
for some 5 € F (because (a, ) ~ (e, f) and a & Dg(ql(p))). Hence, in this case we get the
generator (G4). Since R, is of dimension dim R — 2, we conclude by induction. ]

A similar characterization could also be given for quadratic forms quasi-hyperbolic over the
function field of an irreducible polynomial z* + ay* + bz? € Flx,y] such that (1,a,b) is
anisotropic. In this case, we are reduced to Proposition 9.14, by change of indeterminates
X=zy tandY = zy 2

Remark 9.15. Note that in Proposition 9.13 and 9.14, we were able to take shelter of technical
calculations to get the desired result since, we are dealing with polynomials of small degree.
With the increase in degree of field extension, we need a more complex arguments in the induc-
tion process as we did in Theorems 7.1 and 5.1.
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